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PREFACE 

This text-book is an introduction to the study of Elements of 
Dynamics and is written entirely for the students preparing for Pie- 
Engineering and B.A./B.Sc. (Pass Course) Examination of Indian 
Universities. The subject matter is treated with Calculus wherever 
found necessary. 

The text is illustrated by a large number of carefully solved 
examples. The exercises include a large number of questions set at 
the various university examinations. 

We have freely used the standard works of modern wiitcis to 
whom our acknowledgement is due. 

Our thanks are due to the Publisher Sh. Ram Rang and tin 
Printers who have taken great pains to bring this book in the piestnt 
shape. 

Any suggestion for improvement of the book will be giatelullv 

received. 
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CHAPTER I 

INTRODUCTORY f 

VELOCITY AND ACCELERATION 
(A) Preliminary Ideas 

IT Dynamics is that branch of mechanics which treats of 
bodies in motion. 

The branch which deals with equilibrium of bodies is known as 
Statics. 

Two branches of Dynamics —Kinematics and Kinetics : 
The problem of motion has two aspects, viz., 

ii\ Study of motion without any reference to force, the agent 
' behind the motion. This geometrical aspect is dealt within 

Kinematics 


(it) Study of motion, taking into consideration the effects of 
force or forces which produce motion. This is dealt with 

in Kinetics. 


1-11 The chart below will help to understand the subject- 
matter in a nut shell : 

Mechanics 

(Science of Rest or Motion of Matter) 


r. 

Statics 

(Deals with rest) 

r“ 

Kinematics 

(d als with geometrical 
aspect of motion) 


I 

Dynamics 

(Deals with motion) 

- J -1 

Kinetics 

(deals with reference to 
cause of motion) 


* ^ All Rpst or Motion is Relative : When a body 

I* 2 . A11 ** eS ith regard to its surrounding objects, we say 
changes its powUon. at ° tst . There is no Absolute Rest m the 

Un“cr n se"n'thest e ady tabie of our reader, fixed in a corner of the 


2 


room, is revolving along with the earth around the sun and the sun 
itself aiound another star Vega and so on and so forth. ^ 

As a matter of fact, the problem of rest or motion is the 
problem of action and mutual adjustment of forces. 

1*3 Force : The intuitive idea of “force” is present in th<^ 
application of muscular strength to do any job, e.g. in moving one’s < 
hand, lifting a weight, paddling a cycle, stopping a rolling ball, N 
striking a ball with a bat or hockey stick or breaking a piece of brick \ 
c. , etc* 


131 Definition of Force : Formally, according to Newton, 
a force is something which changes or tends to change the state of 
rest or ol uniform motion of a body in a straight line. 

the forces , actin S ? n a b ?dy or particle balance one-another 
the body remains at rest or .n cqu.hbrium. The branch which delli 
with set up of forces in equilibrium is called Statics, while tlTat 

which treats of bodies in motion is known as Dynamics 


(B) Displacement, Velocity and Acceleration 

14 Scalars and Vectors : Two ttmps _ 

our mathematical discussions : q n lties enter 

(i) those which have magnitude only—known as Scalars e a 
mass, time, temperature, distance. * '*'* 

(ii) those which possess direction besides magnitude e a displace 

A vector, whose direction is from O to P and magnitude is the 
measure of OP, is symbolised as OP or OP. 


1-41 Distance and Displacement 

\ from O, one due north and the other 
• due east and cover 2 kilometres, 

| then their distances from O are v 

| same, but displcccments are different 

fej_. j J km 

Displacement is the distance ^ 
covered in a particular direction. § 

The line joining two adjacent I 
points on a circle (or any other curve) ' 
is a tangent, hence the displacement o 

at any instant of a particle moving 
along a circle (or a curve) is along the 
tangent. 


If two persons start 


EAS r 


2 k.m 


Distance is a Scalar while Displacement is a Vector quantity. 
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1*5 Speed and Velocity : The rate of change of distance is 
defined as speed, while the rate of 
change of Displacement is known 
as Velocity. If two persons, one 
moving east and the other south, 
move at the rate of 100 yards per 
minute, their speeds are same but 
velocities are different. 

If a particle (A) moves along 
a circle at a constant rate of 
10 ft. per second and another (B) lQf'ps 
along a st. line at the same rate ; 
then for A, magnitude of velocity (or 
speed) is same as for B ; but A 
changes its direction from point to point while B moves in the 
same direction. At any instant A is moving along the tangent at 
the point. 



Speed is Scalar while velocity is a Vector quantity. 

Speed is the name given to the magnitude of Velocity. 

1*51 Constant or Uniform Speed : If a particle covers 
equal distances in equal intervals of time, however small, it is said to 
move with uniform speed. 

If it moves in - a constant direction also, it is said to have 

uniform velocity. 

It is clear that if a particle moves in a st. line, its velocity and 
speed are same, while for motion in a curve speed means the magni¬ 
tude of velocity ; the direction of velocity at any instant being along 
the tangent. 

152 Average Velocity : The average velocity over an 
interval t, during which a body moves a distance S, is defined as 

8_ . Total displacement 

t ' t e ‘ Time taken 

1*53 Units for Velocity or Speed : There arc two types of 
units in use. 

(i) In F.P.S. (Foot-Pound-Second) System, the unit u.se<l h' 
one foot per second, written as 1 ft./sec or 1 f.p.s. and it stai.^. / 
the speed of a particle which moves one foot in one second. 

(ii) In C.G.S. (Centimetre-Gramme-Second) System, the unit 
is one centimetre per second (1 cm./sec. or 1 c.p.s ) which symbolises 
that a particle moves 1 cm in one second. 

Thus 30 f.p.s. means that the particle or body moves ?0 feet 
in one second. Similarly, 20 miles per hour or 20 m.p.h. means that 
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20 miles are covered in one hour. 12 ft./min. denotes a speed of 
12 feet in one minute. 

It is advantageous to remember that 

60 m.p.h.=88 f.p s. 

Thus 30 m.p.h.=44 f.p.s. 

10 metre per sec. = 36 km. per hour. 

1*54 Analytical Expression for the Velocity of a Particle 
Moving in a Straight Line : 

Let the particle move along the straight line OX, where O is 
the fixed point. 

Let P (where OP^s) be the . ■ . [-f. . 

position of the point in time t and O s P Ss Q, X 
Q,( where PQ.= 8a) its position at time t-{-St. 

Then displacement in time St=Ss. 

The rate of change of displacement or the average velocity 

during St= -|r-- 


V, the velocity of particle at P is the limit of the average 
velocity when St tends to zero. 

V=velocity at P=Lt 

Sr—>0 6t 



1*6 Acceleration : The rate of change of velocity is called 
acceleration. It may be either uniform or variable. 

If a point moves so that the changes in velocity in equal 
intervals of time, however small, are equal amounts, then the 
acceleration is said to be unijonn. 

Retardation : If the sign of acceleration is opposite to that 
of velocity, i.e. it causes decrease in the magnitude of velocity, we 
call it Retardation. 


In F.P.S. system, the acceleration is measured in feet per second 
per second w .ich is usually written as ft /sec 2 , or f.p.s.s. In G G.S. 

system it is measured in centimetres per second per second or 
cm. /sec 2 . 

1 61 Analytical Expressions for Acceleration : Let a 

point move along a straight line OX, where O 

is a fixed point. Let at time t , P be the O P - 

p< po!n(ts , of the particle and at time let 

^article be at CL 


Let OP=jt and OQ,=s-J-S.?. 

Let the velocities at P and Q. be v and v-pSv respectively. 
So that 

dt 
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Then the change in velocity in time 8t=8v. 

.'. the average acceleration or the average rate of change of 
velocity in time 8t = ^ v 


8t 

f, the acceleration at P=L t ~— 

Sr->0 

dv 


dt 

_ d f ds \ 

~ df{ dt ) = 


Again 


dv 

f= ~dt = 


dv 

ds 


dt ^ dt 

ds _ dv 

dt . V ds 


d 2 s 

~dl 2 


f= 


dv 

dt 


d 2 s 


or 


dt 2 


or 


dv 

v.— ~ • 
ds 


Representation of* a Velocity by a St. Line : The 

velocity of a particle has (i) magnitude, (ii) direction, and (Hi) point 
of origination (O). 

A st. line drawn from O, in the direction of velocity and on a 
certain scale i e.g , JO ft./sec. being represented by 1 inch) will have 
a certain fixed length corresponding to the magnitude of the velocity 
and will thus completely represent the given velocity. 

e.y., suppose a particle at O hits a velocity of 5 4 f p.s. in the 
north-eastern direction. 

Let us take a convenient scale, say, 18 f.p s. may be 
represented by 1". Then the line OA of length 3' drawn 
from O in the north-eastern direction, represents the 
velocity of the particle. 

Since all other vectors , acceleration, force, momen¬ 
tum etc., also possess magnitude and direction like velo¬ 
city ; each one of them can also be represented completely 
by a segment of a straight line in the direction of the 
given vector, having a certain length, corresponding to 
the magnitude of the vector, on a certain scale. 

Ex. 1. //a body moves so that the distance s feet which it moves 

in t seconds is given by the relation s = at 3 , find the velocity and the 
acceleration. Find the velocity and acceleration after ‘A seconds. 

| 

| 

Sol. Here velocity, V = -y^ =3 at 2 ' 



Velocity after 2 sec. =12a f.p.s. 

d 2 s 


and acceleration. 


/= 


= 6 at. 


dt 2 

Acceleration after 2 sec. = 12a f.p.s.s 
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law 


Ex. 2. If a particle moves along 


prove that the acceleration varies as 


s*=at*+2bt-t-c, 
1 


a straight ✓'Vi 


ine according to the 


5 s 


or 


Sol. Here s z =at 2 -\-2bt~\-c. 

Differentiating both sides with respect to t 

2a = 2at+26, 

d* . 

8.—T7 =at+b. 
at 

Differentiating once again w.r. to t 

drs / ds \ 2 

'35 +(‘3t ) ~ a 


S. 


we get 


cPs 

dH 




\ dt 


) 



/= 


a s at+b \ g 

_\ s ) as 2 —( at-\-b ) 2 

s s* 

as 2 —(a 2 P^-2abt+b 2 ) 

* \ 

ac — b 2 1 / 

- oc — • 

a 8 


Ex.^. The velocity of a particle moving along a straight line is 
given by the relation 

v~~aa:~-\-2bx-\-c 

where x denotes the distance • Prove that the acceleiation varies as the 
distance from a fixed point in the line (ixot the origin). 

s °l- v 2 =axr-\-2bx-{-c. (Given) 

Differentiating with respect to x £ 

dv _ _- —. 

2v -^= 2a.r -\-2b o x p 


or 


or 


dv 

v-z- =ax-t-o 


dx 




i.e. the acceleration varies as the distance from the point A, which is 
at a distance of — — from O. 
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law 


. 4. A particle moves along a straight line according to the 


s=a cos (pt-f-b) v 

show that the acceleration is directed to the origin and varies as the 
distance. 


Sol. s — a cos (fjJ-\~b) 

Differentiating w.r.t. t, twice 

ds 

d j =— ag. sin 


... (») 


...(it) 


d-s 

dW 


= - a[X 2 cos ( u.t -f- h ) 


= - [X-6. 

Since velocity and acceleration are positive in the direction of s 
increasing, and s increases as the particle moves away from the origin, 
the negative sign on the right shows the acceleration is opposite to 
the direction for increase of s, that is, it is directed towards the 
origin. 

d 2 s 

Also, V dt 2=: distance 

the acceleration varies as the distance. I 

y* . V I 

Exercise 1(A) 

1 A particle moves in a straight line according to the law 
s — %vt prove that its acceleration is constant. 

2. A train travels half a mile in 93* seconds, find its speed iivi^ 
(i) miles per hour, (ft) kilometres per hour. 

3. If a velocity of 24 kilometres per hour is the unit of velocity ^ ] 
and kilometre, the unit of distance, how will you represent a velocity - 
of 750 metres per minute. 

4. The velocity of a body is 10 feet per sec. What is its y 
measure in C.G.S. units ? 

5. Two trains each 330 feet long are moving towards each 
other on parallel lines with velocities of 20 and 25 miles per hour V 
respectively. Find the time that elapses from the instant when they \ 
first meet, until they have cleared each other. 


\yh. A particle moves in a straight line in such a way that the 
distance from a fixed point O in the line at the end of t seconds is 
given by s — 7 —f- 3^ —f-1 3 . . 

Find ( i) the distance from O, 

(it) its speed, i 

(iii) its acceleration, 
at the end of 3 seconds. 



7. A particle moves along a straight line according to, the law 
« 2 =2(sin x—x cos x), where v is the velocity and x is the distance 
■described. ^Find its acceleration. 

8. '“A particle moves along a straight line, the law of motion 
being s=a sin (nt+k). Show that the acceleration is directed to the 
origin and varies as the distance. 

9. Prove that a point cannot move so that its velocity vari^/as 

the distance from rest. 1 'v 


10^/A point moves in a straight line so that its distance 8 from 
a fixed point at any time t is proportional to t n . If v and / denote 
the velocity and acceleration at any time t, show that ■ 

(W— \)v 2 — )isf. 


11. \The speed of a point in a line is given by the law 

v 2 — 8r—2x3. \ 

Find its range of motion and show that 

27»*=4(4-/)(8+/)2 
where / denotes the acceleration 


< 


Answers 


2. ( i ) 19 2 m.p.h., (ii) 30 897 krn./hour. 

3. By the number 1|- or 1875. 

4. 50-75 cm./min. or 304-5 cm /sec. 

5. 10 seconds. 

6. .9=43 ft. ; t- = 30 f.p.s. ;/= 18 ft./sec' 2 . 

7. x sin x. 



CHAPTER II 

vtmfMATIGS OF MOTION IN A STRAIGHT LINE 
MOTION WITH CONSTANT ACCELERATION 

- i introductory Remarks : In majority of cases of motion 

*}. h H ' tuh wfeh wc come across in our every day l.fe, 
in a straight line so for aU theore tical purposes— 

the acceleration is constan rolling along an inclined plane or 

e.g. for a body falling ve it *, 0 uld be advan- 

even in cover all such cases, where 

t t S? e0 a U ccele°ra^ .s constant. We proceed to do so m the next 
Article. 

(A) General Formulae 
2-11 Motion in a 

tion : A P? 1 'instant acceleration f in if* nireclion of motion ; if v be its 
veZcay Tt th^TjS of tin„ t, and a U its distance a, that ,nstanl from 

the starting point, then, \ 

(f) v = u+ft 

( 2 ) s = ut-\~bf l ~ ' 

(3) v 2 = u 2 ~h 2f8. 


V 


Here 


d*s 

dt n - J * 


...(A) 


Integrating both sides, we get 

ds 


(it 


=ft -f c, 


where e is a constant to be determind from initial conditions 

ds 


When 


t= 0 , 


dt 


u 


(Given) 


c — u 


-or 


ds 1 

dt =u+fl 

V=U + ft 


... (i) 


Integrating again. 


8 = 
1 = 

s = 


ut-+- ; A being a constant 

0 , s=o. <=°- 

Ut-bift 2 


When 


...(«) 



10 


Again, the acceleration can also be expressed as v ~jr 
the equation (A) can be written as ; 

dv 


so that 


v 


ds 


=f. or v.dv=f.ds 


When 


Integrating, 


or 


where B is a constant. 

*=0, t/=0. B=£u 2 . 

v 2 =n 2 -}-2fs ...(Hi) 

This result could'also be deduced from (*) and (it) by elimina¬ 
ting t. 

Thus v-=u--\-2uft+pt- 

=u*+2f(ut+tfl*) 

=u 2 -\-2fs, from (it) 

v 2 =u 2 +2fs. 

,, Cor. If the particle starts from rest, m= 0, so that the above 
three equations become 

v=ft 

s =hff~ 

v 2 =2fs. 

for „V Thes f * hree formulae are th c fundamental formulae 

f part,cIc moving an a straight line with constant 

accelem,ion h ":aTbIe 0nS "* ,0 be appMed in ““ wherc the 

ofth* ° f th T <. ec * ua , tioi,s contains four quantities so that any 

of the quantities can be found when the other three are given. Y 

„n, Iat ;l n working problems, care must be taken in selecting the 
found HlCh COntams the K ivcn quantities and the quantity fo be 


lion. 


and 


p :\ fh A baU j ro1 !? dou .?. a hill from rest with uniform accelera- 
Fmd the acceleration , if it travel ? 20 ft. in the first -5 seconds. 

Sol. The ball starts from rest 

w =0 ; Asos=2ft ; t—5 sec. 

We are required to find f. 

Now s =ut+ift 2 

Substitutin »he above values we obtain 

20=0-f-ix/x25 

* * _ /= 1*6 ft./sec 2 . 

quantitie? 1 ^?-^ 4 ^ 0 ” nlnd arC ? iven the values of three of the four 

••• - - ^ M.-STO '• 
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^X. 2. A cyclist riding at 7-5 miles per hour comes to the top of 
a slope of length 1815 ft. If slope causes accelerationat the rat. f 
1 ft I sec 2 -, with what velocity will he reach the Joot of the slope 


and /= 1 ft./sec*. 


Sol. 7*5 miles an hour=l 1 ft./sec. 

Thus «== 1 1 ft./sec. 

8 = 181*5 ft. 

*, 2 =u 2 + 2 /s. 

• • 

Substituting the given values 

„ , 363 
v-= 121 + 2 . 1 ,-g- 

= 121 + 363=484. 

. v = 22 ft./sec. 

• • 

i.e. 15 miles an hour. 

Ex 3. The brake, ar e> ,‘™SS t Zb km- 

P " )Z r r\ aJ At ZZmeZL ' of retardation, h<nc much further miU * 
go before it is reduced to rest ? 

Sol. To determine the retaidation produced by the brackes, 

consider the motion over 200 metres. 

u= 72 km./hr .=20 metres/sec. 

„=36 km./hr.= l 0 metres/sec. 

a =200 metres. 

v 2=u 2 +2 fs 

100 =400+ 2 / x 200 . 

. /=— | metre/sec*. 

m = 36 km./hr. 

= 10 metres/sec. 

v=0 

/=-£ 

t ; 2 = u 2 + 2 fs. 

0 = 100 + 2 ( — 

a = 100 X l =665 metres. ! 

F* 4 A voint moves with uniform acceleration in a st line 
and t; denote the average velocities in three successive intervals of 

time t x , t 2 , t 3 . P rove thal 

{Delhi, 1053 ; 

t > 2 — t 2 -{-t 3 

o_i Let the point be at A, at a certain instant. Its velocity 
U u and is moving with an acceleration/. It describes the is ance 

Sj in time t x . 


Now 
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time t 


s x =v x t x 

• • V x t x = Ut x -\- 

Its velocity after time t x is u+ft x . It describes a distance s 2 in 


s 2 =v 2 t. 


Similarly, 

»Jz=lu+Ah+h)l*n+ hfh~ 

v x =u+yt x 

v.,=u-{-ft x +\ft 2 

v 3 = u ~hfL 1 +/^2~h o/<3 

Subtracting ( 2 ) from ( 1 ) and (3) from ( 2 ), we get 

v x — v 2 = — &/t( x +*s) 
v 2 —v 3 =—I/(f 2 +< 3 ) 

Diuiding (4) by (5) 


-( 1 ) 

...( 2 ) 

-.(3) 

...(4) 

...(5) 


\ y l V 2 _V+lf* 

, Vo €*3 ^ 2 “i“ t 3 * 

-\JEx. 5. // trte co-ordinates of a point moving with constant 

acceleration be x x , x 2 , x 2 at the instants t x , t 2 respectively , prove that 
the acceleration is “ j 

o (^2 2 * 3 ^ 1 4~(3?a j-^l — -To )^3 sj 

(^2 ^3){^S —^2) 

Sol. I.et u be the initial velocity and / be the acceleration. 
Then, we have 

x x =u-\- hft x * 

x a =u+hft 2 2 

■ r 3 = U 4- hft 3 2 

• c 2 - a^,=tt(« a —f3) -I- i/ ( ^2_ /a 2) ...(!) 

X€ , x x— x z—u{t t — t 2 ) -f-J/^ 2 —L 2 ) ... ( 3) 


we get 


Multiplying ( 1 ), ( 2 ), (3) by.i,, t 2 , , a respectively and adding. 


1***2 ■ C 3^1 + ( 1- 3 * r i )^>4~ (^’l —*^2)^3 

= hAh-t 3 )(t 3 ~t 1 )(t 1 -t 2 ) 


f= 2 ^ 3 —^ a^i-Ka^— gi^ g + (y-! — ga)/ a 

('■a-Wa—< a > 

_ 4 i . • .« . \ 


imvp] to raC€ velocities u and a and 

travel tn a straight line with uniform accelerations a and Q ; if the race 

ends in a dead teat, prove that the length of the course is 

2{u — v)(up — v a) 

' r ^- r / <*-p ) 2 * V 
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Sol Dead heat means that both the cars cover the same 
distance in the same time. Let « be the distance covered and t the 
time taken by both the cars. Then 

s = ut -•••(!) 
8—Vt-\- •••(2) 


Also 

Subtracting, 


which gives 


0 = (u— v)t-\- A(a— 


2 (u—v) 


Using this value of t in (1) or (2), we get 

2(u — v)(u$ — vx) 


8 = 


(a-Pf 


(B) Results for Motion with Constant Acceleration 

7 2 To nrove that the velocity at the middle of interval, 
_ nffhp intial and final velocities and the average velocity 
aTe equli .o o^e another when a partite moves in a st . Isne 
with constant acceleration. “ , , , . 

Let u be the initial velocity, t be the time interval and / the 
constant acceleration. 

The final velocity r and the distance a travelled in / seconds 
are given by 

v=u+ft 
s = ut-\- hfl 2 

—velocity at the middle of the interval. 


... (») 
...(*») 


i ( _ 2 ^ seconds will be 


=«-+-/( "2“ ) 


= u + hft 

v __ mean of initial and final velocities 

u-\-v 
= 2 

v 3 =averge velocity 

Tot al Displacemen t Qr 

= Total time 


..(Hi) 


...(»**) 
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Thus we see that 


vi=v.,=v 3 


— «* •# 

2 21 Distance travelled =8==ut-{- hft 2 

=( u +hft)t 

= Mean velocity x Time 

r u ? > T ° fi “ d the distance traversed in the nth second 
of a body s motion. (P.i7. Pre-Engg. 1966) 

1 )istance travelled in the nth second 

=distance travelled in n second —the distance travelled 
in (n— 1 ) seeonds 

= wn+i/(n 2 )—{n(n—l)-f |/(n— 1 ) 2 } 

=n-f- A/(2n— 1). 

Velocity at the end of (n—1) seconds 

=n4-/(n —1) 

Velocity at the end of n seconds 

=u4~/n. 

average velocity during nth seconds. 

= «+/(»— 1 ) + u+fn]=.u+ £/( 2 n — 1 ) 

which is equal to the distance travelled in nth second. \ 

2-23 To prove that distances travelled in successive 
ids are in A.r. / r> rr 


S, = Distance 

> 

travelled in ?ith sec. = w-f-( 

<2n— 1 

k 2 

s,« 

r. (n4-l)th ,, —u4-( 

<2 n+\ 
< 2 


„ (n4-2)th„ =w4-( 

r 2n4-3 

O 


S 2 Sj —f. 

s 3 -s 2 =/. 

So Sj = S 3 -So. 

v 4 


Exercise II (A) 

ssH-SSSS?* ssa s ssrta 
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y? 1 ne velocity of a point moving in a st. line with constant 
retardation decreases 10 cm./sec. while it travels 1 metre and 
15 cm./sec. while it travels 135 metres from the origin. Find re¬ 
tardation, initial velocity and the space it covers before comin® to 
rest. ° 


5. A train is moving with a speed of 52 5 m.p.h. and brakes 
produce a retardation of 3 5 ft /sec 2 . At what distance from the 
station the brakes must be applied so that the train comes to rest at 
the station ? 

6 - A body moving with uniform acceleration and starting 
from rest describes I 1 7 ft. in the 20th second. Find the accelera¬ 
tion.^, 

7. An engine driver whose train is travelling at the rate of 
30 m.p.h. sees a danger signal at a distance 220 yds. and does 
best to stop the train. Supposing that he can stop the train 
travelling 30 m.p.h. in 440 yards, show that his train will 
signal with a velocity of 21 £ miles per hour nearly. 

8 . A train moving with constant acceleration takes t seconds 
to pass a signal while the ends of the train pass it with velocities u 
and v respectively. Find the (*) length of the train, (it) its accelera¬ 
tion, (tit) velocity of the centre of the train while it passes the 
signal. 




9. A particle moving with uniform acceleration in a straight 
line passes points P, Q. R. If PQ = QR = 6 , and if the time from 
P to Q be t t and from Q. to R is prove that the accpfc^ation is 

2b (ll - u 

fy * ^ 

a 


and 


26 (h ~ / 2 ) 

*1*2^1 d-* 2 > 

If the distances gone over by the particle 
seconds respectively are x, y, z, show that 

(q — r)x+{r—p)y+(p—q)z= 0 . 


( P.U. 1963) 
in the^- 75 flh 7 th 



% \-X -/~iv- £~IV I \1' 'If - (P.U.) 

A particle is moving in a straight line with consJalfFacceler- 
ation. If it describes distances a and s’ during the yfhth. and nth 
seconds of its motion respectively, prove that its acceleration is 

rn — n 


12. A body moving with uniform acceleration acquires a velo- 
city of 10 ft./sec. after moving through 25 feet and a velocity of 
12*5 feer/sec. after moving through a further distance of 25 feet. Find 
the acceleration and initial velocity. 

13. A particle is projected in a straight line with a certain 
velocity and a constant acceleration. One second later another 
particle is projected with half the velocity and double the acceleration. 
When it overtakes the first, the velocities are 22 ft. and 31 ft. per 
second respectively. Prove that the distance described is 48 ft. 

(D. U.) 



16 


14. A ball rolling down a slope with uniform acceleration passes 

a series of posts driven in the ground at equaK distances. The 
velocities when passing three successive pagfts Vare . v„, v 3 . 

Prove that \ / \ 

V+iv ! =2ro 2 . ^ 1 

15. A body starts with velocity u and moves in a straight line 
with constant acceleration. When the velocity of the particle has 
increased to 4 u, the acceleration is reversed in direction. Find the 
velocity of the particle when it returns to the starting point. 

(P.U. 1960) 

16. A particle moving in a straight line with uniform accelera¬ 

tion / passes a certain point with velocity u. Three seconds later 
another particle, moving in the same st. line with acceleration £/, 
passes the same point with velocity The first pardcle is over¬ 

taken by the second when their velocities are respectively 27 and 31 
ft./sec. Find the values of u and /, and also the distance travelled 
from the'point. 

v 17. A cyclist travelling at a speed of 12 m.p.h. passes a car 
which is just starting with an acceleration of 1-6 f.p.s.s. The car 
maintains its acceleration for 20 seconds and then moves uniformly. 
How far will the car have run before overtaking the cyclist. 

'"18. Two particles P, Q move along st. line AB, starting from A. 
P moves with velocity u and acceleration/; Q,with a velocity u' and 
acceleration /'. If they both have the same vtSTbcity at the middle 
point of AB, prove that 


AB = ~-f-r■ ~ <^.> 

X|9. A 100 metre sprinter starts with a speed of 6 metre/sec 
accelerating uniformly to 10 metre/sec. and finishes the race at this 
speed. If the total time taken in 12 sec., find the acceleration. 


u'Z—u- 

f-f 


1. v= 15 metre/sec. 

2. /—I metre/sec.- 

3. /= a metre/sec. 2 

4. r = 2-5 cm./sec. 2 

5. 047 feet. 

12. /=2 ft ./sec. 2 : j 

5. 3l. 

6. u — 3 ft./see. ; / 

7. 39 1£ feet. 


Answers 

. ; a’= 375 metre. 

= 125 metre. 

; t = 15 sec. 

: u — 30 cm./sec. ; and 5=180 cm. 

6. /= 6 f.p.s.s. 
u= %V • f.p.s. 


15. 

16. 
17. 


f—h ft ./sec. 2 ; 720 fc. 

19. § me ter/sec 2 . 


(G) Vertical Motion Under Gravity 

. m 3 . Acce , lcratio “ of falling bodies. It is known exneri 
mentaiiy that whenever a body is let faU in vacuum, it trill move 
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vertically downward with an acceleration which is always the same 
at the same place of the earth. This acceleration, however, varies 
for different places and is independent of the mass of the body. 

The value of this acceleration, called the acceleration due to 
gravity, in F.P.S. system is about 32-091 at the Equator, and in 
C.G.S. system it is 978. 

The acceleration due to gravity is always denoted by g and in 
numerical problems its value is always taken as 32 ft./sec 2 in F.P.S. 
system and 98 i cm./sec 2 in G.G.S. system. 

2-31 Vertical motion under gravity. For a body projected 
vertically upward with velocity u, taking upward direction as positive 
direction, the value of acceleration is — g so that the body moves 
with a constant retardation. 

Thus the equations of motion become 

h—ut —i gt~ ... (*) 

u=u—gt ... (tt) 

and v 2 =u 2 —2gh ... (in) 


Some important deductions are as follows : 

1 . Time taken to reach the greatest height 
At the highest point, v=0 
,«o that from (it), 0 = u—gt 

l= ‘ J g' 

2. Greatest Height 

Also from (Hi), greatest height reached by the particle is given 


by 


0 — u 2 — 2 gh 


h= 


2 


U 


3. Time of Jlight is the time taken by the particle to return to 
the point of projection. 

Now putting h =0 in (t), we get 

0 —ut — h gt 2 

2u 


either 


t = 0 


or 


t = 


9 


2 u 


9 


t - = 0 refers to the instant when the body is projected and t — 
the time required by the body to return to the point of projection. 

2 U 

Thus t= — gives the time of flight. 

9 

Note that it is twice the time taken by the body to reach the 
greatest height. 
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4. Time taken to attain a given height : If h is the height 
attained in time t, 

h=ut — 4 gt~ 

so that gt 2 — 2ut-\-2h=0 

which being a quadratic equation in t gives two values. The 
smaller value refers to the instant when the body attains the given 
height while moving upwards and the other value refers to the 
instant when the body is at the same height while moving down¬ 
wards. 





Velocity at a given height. From equation (Hi), 

v~=u z —2 gh 


v —rfc y/ u 2 — 2 gh. 


The positive value of v is the velocity of the body when 
moving upward and the negative value of v is the velocity when the 
body is in downward motion. Thus in the downward direction the 
motion is exactly the reverse of the motion in the upward 
direction. 


2*4 Motion of a body falling vertically downwards. Let 

the body be projected vertically downwards with velocity u. Then 
the positive direction is downwards in this case. The equations of 
motion are 

h—ut-x-\gt 2 

v=u-\-gt 

v 2 —u 2 -\-2gh. 

If the body falls freely from rest w=0. 

Then the above equations become 

h—^gt 2 , v—gt and v 2 =2 gh. 

Now the velocity due to a fall from a height h is 

v— y/2 gh 

which is also the velocity required to take the body to the height h 
when projected vertically upwards. 


Ex. 7. If a stone is thrown vertically upwards with a velocity 
of 40 feet per second. Find the height to which it will rise and the 
whole time, of fight. 

Sol. When the stone is at its greatest height its velocitv is 

zero 

0=40 2 — 2gh 
* ^0X40 

2x32 ' 

' h= 25 feet. 
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Total time of flight is given by 

() =ut — kgl 2 or t = 

= 2£ sec. 


2 u 

a 


80 

32 


Tirn.e'of flight 

fcx. 8. A body is projected vertically with velocity 40 ft. 
per sec. and 1 second later, another body is projected vertically up¬ 
wards with a velocity of 80 ft. per sec , find when and wh*re they ivilt 
meet. 

Sol. Suppose the two bodies meet i seconds after the start ot 
the second body. It means the first body has been in motion 
for (l-{- 1) seconds. The algebraic distance described by them is the 

same. 

40^ + 1) — £?(*-4-l) 2 =80f— \gl* 

40(/ + 1) — 16(t 2 + 2t -f-1) = 80* - 16t 2 

72*=2h 

. t = £ sec. 

The distance from the starling point to the position when the 
two bodies meet 

v srssL u t% fe, 

1 downwards it reaches the ground in ^seconds. Projttthal if simp y 

let drop it would reach the ground in y/ t x t z secon ^ 

Sol. Let h be the height of the tower and u the velocity of 

projection then, we have 


or 

i.e. 


or 


— h = u/ l — ^gt 
h=ut z + \gt 


= — u + 
=u H igt 2 - 


.. (1) 
...( 2 ) 


h 


h 

h 

'2 

h 


+ - **(*!+*•'• 
l 2 

h=\gt x * 2 _ 

m • 

Hence if simply let drop it would reach the ground in V t x t 2 

seconds. motion of two falling bodies : Since the 

acceleration of gravity is the same for all bodies, the relative accelera¬ 
tion of two bodies under gravity is zero. 

This principle is of great use in finding when and where two 
bodies projected in the same vertical line will meet, or in finding their 



distance apart at any given instant of time. Example 8 can be solved 
by this metod. 


When the second body starts the first body is at a height of 
40 — A<7=24 feet and its velocity is 40— < 7=8 ft./sec. Then the relative 
velocity of the second with respect to the first is 80 — 8 = 72 ft./sec. 
and this remains constant as the relative acceleration is zero. Time 
taken by the second to describe 24 ft. = 1/3 seconds. Hence the first 
body moves for 4/3 seconds before the two bodies meet. 

Ex. 10. A stone is dropped from the top of a tower 100 ft. high, 
and at the same instant another stone is projected, from the foot with/a 
velocity of 80 ft. per sec , find when and where they meet . x / 

Sol. Initially the velocities of the stones are 0 and 80 ft./sec. 
Hence the lower one approaches the upper with relative velocity of 
00 ft. per second. The original distance apart is 100 ft. Hence they 


will be together in 


100 

80 


sec 


t.e., in 


l J sec. 


In this time upper stone will have fallen through a distance 

s = A X 32 x (3, 2 =25 ft. 

Hence the stones meet 25 feet below the top and 75 ft. above 
the bottom of the tower. 

Ex. 11. 4 stone is dropped from a balloon at a height of 400 ft. 

above the ground and it reaches the ground in 6 seconds. Find the 
velocity with which the balloon uas risitig. 

Sol. Let the upward velocity of the balloon be u ft. per 
second. Then the stone starts with an upward velocity u and in 
6 sec., it is at a distance of 400 below the point of projection. 

Therefore, ft. 2 gives 

-400=ux6—£x 32x36 

6u = 576 —400=176. 
u =29 J ft. per sec. 

Note that minus sign is given to g and 5 in this problem because 
they are measured downwards and positive sign to u because it is 
measured upwards. 

' Exercise II (B) 

1. A , stone is thrown upwards with a velocity of 64 ft. per 
second. l;ind the greatest height and the time taken to reach it. 

2. A ball is thrown vertically upwards with a velocity of 96 
f.p.s. (t) How high will it rise ? (if) How long does it take to return 
to the point of projection ? ( iii ) At what time will it be mid-way of 
its journey 7 
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3 .^ A body is projected upwards with a velocity of 128 ft. per 
sec. Find when it will be at the heights 22<>, 240, ft. above and 
14t ft. below the point of projection respectively. Explain the negative 

result in the last case. 

4 If a stone is thrown vertically upwards with velocity 80 ft. 
per second, and another is thrown up with the same velocity one 
second later, find when and where will they meet. 


5. From the top of a tower 144 ft. high a body is dropped and 
at the same instant another is projected from the bottom and they 
meet half way up. Find the initial velocity of the projected body 
and its velocity when they meet. 

6. A stone is let fall from the top of a tower 240 ft. hieh and 
another is projected with a velocity V from its foot Find 1 if both 
meet at a height of 96 feet. 

7. A stone dropped from the roof of a house fills past a 
window 8 ft. high in \ sec , find the height of the roof above the 

window. 

8 A lift moves upward from the ground floor of a building 
with an acceleration of 4 ft. pss After 10 sec. a ball is dropped 
from the lift. When will the ball strike the floor and when will the 
lift be at that instant ? 



9. From a ballcon ascending with a velocity of 32 ft. per 
second, a stone is let fall and reaches the ground in 17 seconds. 
How high was the balloon when the stone was dropped ? 

,_lA. A balloon has been ascending vertically at/a uniform 

ate forJ4 1 seconds and a stone let fall from it reaches th t ground in 
7 seconds.” Find the velocity of the balloon and Jris height when 
stone was dropped. (P.U . I960) 

If. A falling particle in the last second of its fall passes through 
224 feet. Find the height from which it fell and the time of its 
falling. 

^ 12. The distance travelled by a body in the 4th second] of its 

fall is to the distance travelled in the last second but five as 1 : 3. 
Find the number of seconds for which the body travelled. 

13i A stone is let fall from the top of Qutab Minar a 

e lastile^ond of its flight it is observed to " " 

distance] ' Find the height of the Minar. 

14. A particle is dropped from the top of a tower h ft. high and 
at the same moment another particle is projected upwards from the 

bottom. They meet when the upper one has described — oTthe 

71 




fall 


the whole 


/ 
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distance. Show that the velocities when they meet are in the ratio 
2 : n — 2 and that the initial velocity of the lower is 

(P.U. 1957) 

15. A particle falls freely from a point A and a second particle 
is allowed to fall from B, at a distance of 5 feet vertically below A* 
at the instant when the first particle is half way between A and B. 
Find when and where they will be together and show that their 
velocities at that time will be as 3 : 1. 



16.. A stone is thrown vertically upward with such a velocity 
as will just take it to the level of the top of a tower 100 ft. high. 
Two seconds later another stone is thrown up from the same place 
with same velocity. Find when and where the stones will meet. 

(P.U. Pre-Evgg. 1966) 

P- A particle is projected vertically upwards with a velocity 
of u ft./sec. and after t seconds another particle is projected from t] 
same point .with same velocity. Prove that they meet at a height 

°f -^-y^- ’ft. after a time of —) seconds. 

18. A particle, projected vertically upwards, takes t seconds 
to reach a height h fc. It t' seconds is the time from this point 
\ the ground again, prove that 


and the greatest height 


h = \gtt' 

aV+t'r 



8 (P.U ., T.D.C. I) 

Show also that the velocity of the particle at a height Vi is 

Answers 


1 . 

3. 


61 ft. ; 2 sec. 


2. (») 144 ft. (it) 6 sec. (m) 3^—^ sec. 


- 5 sec. ; 3 sec. ; 9 sec. and — 1 sec. which means that if the 
particle instead of having been projected downwards with the 
same velocity, it would have descended through 144 feet in 
one sec. 


4. At a ht. of 96 ft. after 5A sec. 

5. 48 v /2 f p.s. ; zero. 6 V = 80f.ps. 7. 12£ ft. 

8. After 5 sec. The lilt will be at a height of 450 feet. 

9. 408ffeet. 10. 68^ 3 - f.p.s. ; 306i” ft. 

11. 900 ft. ; 7i see. 12. 16 sec. 13. 225 feet. 

15. £S below B ; after \/2S sec. of the start of second. 

16. 84 ft. above the point of projection and 31 sec. after the instant 
of projection of the first stone. 
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(D) Graphical Kinematics 

2 6 Graph of a function y=f(x). If we give different 
values to and get the corresponding values of y from the functional 

relation 


P(x. y) 


X' 


X, L 


y=h x ) ••^ y \ p 

We shall get pairs of A(x,.y,) -S 

values (ar lt y x ), (x 2 , yX, /f 

(a.- 3 . //a). [*n>'Jn) each 

pair ^giving rise to a point 

in the plane. By plotting y, y 

these points w.r.t. a rect- I 

anerular set of axes XOX', | I I 1__ 

YOY' in the plane, and^ _- x,L ™ X 

joining them by means of -- X *" 

a free hand curve, we get 

what is called the graph ol > 1 

?/=/(*)• 

2*61 Geometrical Meaning of Derivation. C onsider the 
continuous function 

y=f(x) •••(*) j - \ / 

Take a point P(af, y) I YQ (x+£'x,y+S'y) 

on its graph. Jj 

Let Sr be a small /// 

change in the value of * IP 

and 8y the corresponding J (xy; 

small change (because y is / 

a continuous function of ->) / 

in the value of y. --—--- 

Then Q{x-\-$x, y + 8y) A 
will be a point on the ) 

graph contiguous to P(r, y). 

Let the chord PQ, make an angle 0 with OX, so that 

. „ n y-f-8 >/—?/ s.y 

x + Sr —x 8x 

As 8x-*0 and consequently, because y is a continuous function 
of , Sv->0 ; the point Q moving along the curve gradually 

Coincides with P and QP in the limiting position becomes the tangent 
at P, making an angle «/< with OX, so that 




Pixy) 


Lt 

« 5->0 


— = Lt tan 0 

Sr 

cZ// . , 

-ii = tan i/j. 

dx 


Thus the derivative d JL or f{x) represents the slope of tangent at a 
point ( x, y) on the graph of function y=f^x). 
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fb 

2*62 Geometrical Meaning of Integral : I y dx 

Ja 

Draw the graph of the 
function 

y=f{x) ...(*) 

Erect the ordinates AG 
and BD at the points A and B, 
where OA —a, OB =6. 

Take points P(x, y) and 
Q,(a:+ y-|-Sy) on the graph 
and drop perpendiculars PL, 

QM on X-axis. Obviously, the 
area ALPG depends on the 
position of P and hence it is a 
function of x. 

Let area ALPG be denoted by S and;8S be the corresponding 
increase in the area by shifting from point P to Q., so that 

Area AMQC=S + 85 
or Area LMQP=85 

from the figure 85 lies between two rectangles whose areas are 
y.$x and (y+Sy)8x. 

y 8x <85<(y-f-3f/)8a: 

85 



or 




In the limiting position, as Q.->P, so that 8.e-*0, 8y ->0 ; 


t.e. 


or 


Tt * S 

St — y 
fix—>0 bx 

dS 

dj = y 


s 


= y dx+k. 

To find k, we observe that x=a, S = 0, so that Jfc=0. 

Area ALPG = S = J * y dx. 


Hence 


Area ABDG— y dx. 

2 7 Space Time Graph : Let the space-time relation for the 
motion ot a particle be 

*=A0 ...(<) 
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By giving different values to *. suchas^ - * to " p^rs^ol 

the corresponding values s t , ?», • ••• 

co-ordinates (/j. s x ), (< 2 > 

(«3, *)*. eaC ^ P air 

giving rise to a point in 
the plane, with reference 
to a pair of Rectangulai 
Axes XOX\ YOY' (known 
as Time Axis and Space 

Axis respectively). 

The free hand curve 

obtained by joining these 
periods is called Space- 
Time Graph for the motion 

°f the paruele. of a int p, represents the time while 

the orlinate LPV*) exhibits the distance covered in tone 1 

How is Velocity represented in Space-Time Graph . 

de 

Velocity at time 

= Slope of the tangent at P(f, *) 
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(a) How Is Acceleration represented in Velocity-Time 
Graph ? 


f (acceleration) = 


dv 

~dt 


= Slope of the tangent at P 
= tan ifj. 

Thus acceleration at an instant t is represented by the slope of the 
tangent to the Velocity-Time Graph at the point P, corresponding to t. 

(b) How is Space (Distance travelled) represented ? 

ds 
dt ' 

.'. s = $ v dt. 

Suppose we wish to find the distance travelled from the instant 


Since 


v — 


t x to t.,. 


S 




dt 


= Area under the velocity-time graph 
surrounded by ordinates t=t 2 and 
t = t 2 

= Area ABML. 


2 81 Velocity-Time Graph for the motion of a particle 
whose acceleration is constant : Since acceleration is represented 
by the slope of the tangent to the velocity-time graph, the graph 
should be such that it has uniform slope, i.e. a straight line. 

Further if / is the acceleration, then the slope of the line must 

be /. 

Thus, the velocity-time graph for a constant acceleration (/) 
is the straight line having its slope equal to /. 

2 82 Graphical Proof of General Formulae for Motion 
with a Constant acceleration f : When the particle is moving 

with a constant acceleration / with 
initial velocity u, the slope of the 
velocity-time graph is the same 
everywhese. The graph is, therefore, 
a straight line with slope/. 

Let OA = « represent the initial 
velocity and MP=e represent the 
final velocity. OM t represents the 
time. 



Then 


Ian Z_NAP=/== 


NP 

An 


Also 


NP=/.AN=// 

NP=MP—MN 


= v — u 
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■or 


v 


Distance described 


• o- 

Area of trapezium OMPA = 


v ^ UT= ft 

area OMPA 

area OMNA*|-arfa of ^ANl 

OA OM+ JAN NP 
ut + \tft 

w.+ yt- 

ut 

4lOA+MP/OM 
= iiOA+MP)AN 

AN 


(0 


(«> 


= J OA+MP.NP. 


NP 


= i(OA+ MP)(MP— MN) . 

1 


AN 

NP 




/ 


s = h u--^) • 


1 

7 


^2 _ 2•••(^ ««) 

2 9 To compare the space-average of the velocity over 
a distance, with the time-avera^e where U a=dV a 
and final velocities of a point moving m a straight 

uniform acceleration. . 

Let r be the velocity at an instant / when the particle lias 

travelled a distance * from the starting point. 

If total distance travelled = d and total time T 


Space-average of velocity— d J Q v ds 

Time-average of velocity = tjtJ c v dt 

Iff is the constant acceleration, then 

V =U -\-ft so that V —U+/T 
sU a -i-2 fs so that V 2 =U '- + *2fd 

Space-average = -j- y/V- + 2fa ds 

2 r V3 - U3 1 

= "3 l. V 2 -U 2 J 

uM-uv+v 2 

U+V‘ 


CO 

("> 


.(Hi) 

. (ir) 


2 
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Time-average 


= tJo (U+/^= 2 j4[< U +^ 2 ]o T 

=27T [ (U+/T,Z-U2 ] 

i r v 2 -u 2 1 v+u , .. 

= 2~L "V-U -J = — -< w > 

. 12. A train starts from one station to reach another at dis¬ 
tance c> the motion is first uniformly accelerated for time t, the velocity 
then remains constant for time t' and is then retarded uniformly\or a 
time t". / 

Find graphically the values of the acceleration^ andjretardation. 

Sol. Let OABG represent 
the velocity-time graph. AB is 
horizontal. 

Draw AL, BM perpendi¬ 
cular to OX. 

c = area OABC= /\OLA 
-+-rectangle ALMB 
+ A BMC 

= iOL.AI.+AL.LM + JMC.BM 

-fff+r |al. 

The acceleration during t is the slope of OA 



AI 
OL 


_AL 

— t —' * 1 


2c 


Retardation during t" is the slope of BC 

BM 2c 

= i" = -\-t”)tf 

Ex. 13. A train travels a distance 8 star 
ing at rest. The velocity increases uniforml 
velocity V, and then decreases 
uniformly. Show that the TT 
whole time of the motion is 
2S 


i g from 
it reac\ 


est and finish- 
a maximum 


Sol. The velocity-time 
graph is OCM. NC repre¬ 
sents the maximum velocity V. 

OM —the whole time O 

S=Area OCM* 

S =W.t. 



JOMxNC 


A 
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Exercise II (C) 

V. A bus travels a distance of 5 92 km. between two stops in 
10 minutes. It constantly accelerates for 10 seconds to a maximum 
speed at which it runs for sDine time. Then it is brought to rest m 
0 sec. under a constant retardation. Find the acceleration, retarda¬ 
tion, and constant speed. 

2. A train travels in 7 minutes and 45 seconds a distance of 
5 miles from rest at one station to rest at another station. It is uni¬ 
formly accelerated for the first 30 seconds and retarded for the last 
*>0 seconds the speed being constant for the remaining time, rind 
the acceleration, the letardation and the maximum velocity. 

& A train starts with uniform acceleration, then moves with 
a uniform velocity for arfd finally comes to rest under 

uniform retardation. If the total journey is 9 miles and tune taken 
is 14 minutes ; show that the maximum velocity attained is 4 d 

in p.h. 

& A life performs the first part of its ascent with uniform 
acceleration / and the remainder with uniform retardation 2/. Prove 
that if h is the depth of the shaft and t the time of ascent. h= *Jl-. 

$ A train passes a station A at 30 miles an hour and maintains 
this speed for 7 miles and then is uniformly retarded stopping at B 
which is 8 miles from A. A second train starts from A at the instant 
the first passes and being uniformly accelerated for part of the journey 
and uniformly retarded for the rest, stops at B at the same time as the 
first. Find its greatest speed. 

The greatest permissible acceleration and retardation of a 
train are 2 f.s.s. and 4 f s.s. respectively and the maximum speed it 
can develop is 30 m.p.h. Find the least time taken to run between 
Delhi and Gaziabad, 12 miles apart. 

A lift ascending from a pit 640 feet deep rises during the 
first part of the ascent with uniform acceleration. On nearing the 
top the upward force in cut ofT and the impetus of the lift is just 
sufficient to carry it to the top. If the whole process occupies one 
minute find the maximum velocity attained and acceleration during 
the firstj^t of ascent. ,P U. Pre. Engg. 1067) 

8 . A train starts from rest and moves with a constant accelera¬ 

tion / lor some time and then commo rest after moving for the rest 
of time with a retardation thfc total distance travelled is s and 

t i a the time taken, prove thpt I 

9. A cage moving vertically ascends with a constant accelera¬ 
tion f, then with a uniform velocity and finally stops under a constant 
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retardation/. If the total height h is ascended in time /, show that 
the time during which the lift ascended with constant .velocity is 

(r —^-)* ) (P.P.) 

10. Two stopping points of an electric tram car are 440 yards 
apart. The maximum speed of the car is 20 m.p.h. and covers 
the distance between stops in 75 seconds. If both acceleration and 
retardation are uniform and the latter is twice as great as the former, 
find the value of each of them and also calculate how far the car runs 
at its maximum speed. ( P.U. t D.U.) 

_11. For -i- of the distance between two stations, a train is 


uniformly accelerated and for 


1 


( 1 

at 


of the distance, it is uniformly 
one station and comes to rest at 


retarded. It starts from rest 
another. 

Prove that the ratio of its 
velocity is 

1 + i+t 

?~~12. The speed of a train increases at a constant rate a from 
0 to v, then remains constant for an interval and finally^decreases 
to zero at a constant rate fi. If/ be the total distan^rdescribed, 
prove that the total time occupied is / / 


greatest velocity 
1 i. 



average 


<Jw:> 


/ i/i i \ 

Answers 



(P>u.) 


1. /= 1 metre/sec 1 2 . ; r=§ metres/sec 2 . ; F = 36 km.p h. 

2. /= 2 ft./sec 2 . ; ; = 3 ft./sec 2 . ; V=40{J m.p.h. 

5. 53-3 m.p.h. 

6. 24 min. 161 sec. 

7. 21 i ft./sec. ; 2S ft /sec 2 . 

10. f—\l f.p.s.s. ; r— \ l f.p.s. ; 440 feet. 

(E) Motion down a Smooth Inclined Plane 

2*10 T.et a be the inclination of the 
plane with the horizontal and P a particle 
on the plane. The vertical acceleration due 
to gravity, rj, of P can be resolved into two 
components, 

(*) an acceleration g cos a perpendi- 
cular to the plane. 

(ii) an acceleration g sin a down the 

plane. ' ' " • • . .v . . 


A 
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Now the motion perpendicular to the plane is prevented bv 
the plane itself. Thus the particle will move down the plane with 
an acceleration g sin a. 

If l be the length of the plane OA and the particle starts from 
A with velocity u, its equations of motion are 

x — ut + \g z sin 2 a 
v = u-\-gt sin a 
v 2 = u 2 -\-2g x sin a. 

If the particle starts from rest from A, then its vetoesty on 
reaching O, the foot of the inclined plane, is given by 

t> 2 =2 g sin x l 

= 2 gh 

where AB=A ; AOB being the right-angled triangle. 


v = \'2gh. 

Thus the velocity at O is the same as the velocity acquired in 
falling freely through a height equal to the height of the plane. But 
the time taken to slide down AO is different from that taken to fall 
freely through the height AB. For the time taken to slide down AO 
is given by the equation 

x=ut-\- \gV l sin a 
where u=0 and x=l 

l=$g sin a. t 2 
_ 2 1 __ 

or 1 y/ g sin a 

The time taken to fall freely a height h is given by 


h=\gt 2 . 

-Vt-V 


21 sin a 
9 


If the particle is projected up the plane with velocity u, it 
will move with constant retardation g sin x so that the equations of 
motion now are 

x = iit — Jyt 2 sin a 
v = u —gt sin a 


v 


2 = u 2 — 2 gx sin a. 


__ 14 . A body moves up a smooth inclined plane starting ivith 

a velocity of 48 ft. per sec. If the plane is inclined at an angle of 30 u , 
find the velocity of the body when it has moved a distancs of 04 ft. from 
the starting point. y 

Sol. For motion up the plane, we have 

v 2 = u 2 — 2g . sin 30° . I 
= 48 2 — 2 . 32 . h • 64 
= 16 2 

v=16 ft. per sec. 
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' iF.if tsC Show that the velocity with which a 
progectejjkuQWii an inclined plane of length l and height 
time offtescent shall he the same as taken by another p 
freely a distance equal to the height of the plane is 

l 2 —hr / 

-V 


l 


Q_ 
2 h 



Sol. I.et the velocity of projection be u 

l = vt-\- \g sin at 2 


where 


-V-? 

and sin a 

h 

— l * 

. . h 

2 h l 2 

—h 2 

l 

T 

rct- 

• 

~ • ■ ___ ■■ ■ ■ 

9 

1 

i z -h 2 l 
i ■ t 

l*—h 2 
~ 1 * 

Vfr 

Exercise 

II (D) 


the velocity 

acquired 

by a 1 


sliding freely down a smooth inclined plane of given height is in¬ 
dependent of the inclination of the plane. 

• 

2. Show that the time of fall down an inclined plane of given 

base is least when the inclination is 45°. (P.U.) 

3. A right angled triangle is placed with its sides horizontal 

and vertical. Find their ratio so that the time of falling down the 
vertical and describing the base with the velocity acquired may be 
equal to the time of descent down the hypotenuse. < iP-u.) 

4 . A body sliding down a smooth inclined plane is observed 
to pass through equal distances, each equal to s in ^consecutive 
intervals of time and t 2 . Prove that the inclinatiorp/o^ the plane 
to the horizon is 


sin-* r 2 *< g *-**> 1 

L gl x *»(«! + *.) 



5. Two particles P and Q, slide down a smooth inclined plane 
of inclination 30°, P from the highest point and Q, from a point 
at a distance 2 of the length of the plane from the bottom. Where 
will P be when Q_ reaches the bottom of the plane. 

reaches the bottom of the plane in 2— y/3 sec. after Q, 
find the length of the inclined plane. 

6r From an extremity of the horizontal diameter of a circle in 
a vertical plane, two chords are drawn subtending angles 0 and 20 at 
the centre. Show that if the time down the latter chord is n times 
as great as that down the former, then 

n 2 — 1 = sec 0. 
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... 7 - A b ° d y.begins to slide down from the top of a smooth in- 

.• P^ne of height £ aqd at the same instant another body is pro- 

upwards from the foot of the plane with such a velocity That 
the bodies meet in the middle of the Dlnn^ j tnat 

projection and the velocity of each body when they meef. Y ° 



S. At £th of the length of the plane : 1=32 ft. 

7 - V9h t 0 , \/gk. 

Miscellaneous Exercise on Chap. If 

^ bullet is fired through three screens placed at equal 

reet^f a ft .’i? nd the t,mes of passing the screens are t x , t„ t 3 sec. 

t£t°^\ he m ° men e t thC bu,Iet leaves thc S un - Assuming 
that the retardation is uniform, prove that it is equal to 

_2a(*i —2/ 2 -f-/ 3 ) 

(^-<l)(^3-< 2 )(^-^,) * 

acceleration, shSwJhat S th”a«"f e ri"ion with constant 

£^7' ’ wbere s is~rhe space described during any 

t seconds and a' during next t' seconds. (P.f/.) 

3 * A particle moves in a straight line with constant accelera- 
tion and its distances from an origin O (not necessarily tl.c position 
at time t—0) at times t x , t 2 , t 3 are x x . x 2 , x 3 respectively. 

• A e,r?J 1 ° W that if <1, . <2 U, < 3L form an AP ' whose common difference 
is d and ar x , ar 2 , ar 3 are in G.P. then the acceleration is 

( \/£T ) 2 



rf- 


assuming ar,, r 2 , x 3 to be positive. 


4 . A particle is moving in a straight line and ii observed t> 
be at a distance a from a marked point initially, to be at a distance 
b after an interval of n seconds, to be at a distance c after 2n seconds, 
and at a distance rf after 3* second,'. Prove that if the acceleration 
is uniform, d-a = 3(c — b) and that the acceleration is equal to 

c-\-a — 26 

71 2 

Find also the initial velocity. 

“ a P°* nt moving under uniform acceleration 
suct«sive equal distances in times t x , t 2 , t 3 , then prove that 

i-! . _L = ' 

*1 ^2 ^3 * 1+^2 +*3 
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6. V -^A bullet travelling horizontally pierces successively three 
screens placed at equal distances a apart. If the time from the 
first screen to the second be t x and from the second to the third be 
t 2 , prove that the retardation (assumed to be constant) is 

i) 

and that the velocity at the middle screen is V ^ 





{P.U.) 


7. Two particles P and Q, move in a st. line AB towards each 
other. P starts from A with velocity u and acceleration /, while Q 
starts from B with velocity u' and acceleration /'. They pass one 
another at the mid-point of AB and arrive at the other ends of AB 
with equal velocities. Prove that 


(u+u')(f-f') =8(fu'—vj'). 

8. A bus is beginning to move with an acceleration of 
1 ft./sec 2 . Show that 


(») a man who can run at 9 ft./sec., will catch the bus 
in 8 sec. iF he is 10 ft. behind when it starts ; 

(*’*) if the man is 40£ fr. behind he will only just catch the 
bus ; 


(tit) if he is 50 ft. behind he will never catch the bus • 
the shortest distance between them being 9£ ft. (P.U.) 

9. During the first quarter of the journey from a station A 
to a station B the velocity of a train is uniformly accelerated and 
during the last quarter it is uniformly retarded and the middle half 
of the journey is performed at a uniform speed. Show that the 
average sp^cd of the train is two-thirds of the full speed. 

.A/ 10 ’ A train stopping at two stations 5 km. apart takes 
10 minutes on the journey. If the motion is first that of uniform 
acceleration/and then of uniform retardation/', prove that 



taking one kilometre as the unit of distance and 
the unit of time. 


one 


minute as 


11. A stone is dropped from an aeroplane which is rising with 

acceleration/ and t seconds after this another stone is dropped, 
l rove that the distance between the stones at a time T after the 
second stone is dropped is 

hig+/ht+2T)t. 

* j\ A * C, D are four points in a vertical line, situated at 
equal distances, so that AB= BC= CD. A body falls from rest at A 
prove that the times of describing AB. BC, CD are as 

1 : v 2 — 1 : \/3— v 2- 
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.^ inc * position of a point on the circumference of a 
vertical circle such that the time of descent from it down the radius 
to the centre shall be the same as the time of descent from it down 
to the lowest point of the circle. (P.U.) 

14. A train travelling at 60 m.p.h. has to slow down on 
account of work being done on the line. Instead of continuing at 
a constant speed, it, therefore, moves with constant retardation 
of 1 m.p.h. per second until its speed is reduced to 15 m.p.h. It 
then tiavels at a constant speed for \ mile and then accelerates at 
i mile per hour per second until its speed is once again 60 m.p.h. 
rind the delay caused. 

15. A particle moves from rest with a uniform acceleration. 
Prove that the average velocity is half or two-thirds of the final velo¬ 
city, according as the time or the space is divided into an infinite 
number of equal parts and average taken with regard to these. 

16. A particle takes t sec. less and acquires a velocity of 
a ft./sec. more at one place than at another in falling from rest through 
the same distance. Show that the gravities g x and g 2 at the two 
places are related by ^,^ 2 =« 2 /i 2 . 

Answers 

. ' 4/i — c — 3a 

4 ■ “= 2 » * 

13. The radius through the point makes 60° with the vertical. 

14. 1 sec. 



CHAPTER III 

KINETICS—FORCE AND MOTION 


(A) Newton’s Laws of Motion 

3T We have dealt with, in chapter II, the geometry of motion 
of a particle in a straight line without any reference to the cause of 
the motion. We shall now take into account this factor in studying 
the motion. This branch of the subject is called Kinetics. 

3*11 Definitions: The Mass of a body is the quantity of 
matter in the body. 

The Density of a uniform body is the mass of a unit volume of 
the body. Thus if M is the mass of volume V of a body whose 
density is p, then 


M 



The British unit of mass is the Imperial Pound which consists of 
a lump of platinum kept in Westminster. 

The French unit of mass is called a gramme which is the one- 
thousandth part of a certain quantity of platinum kept in Pairs. 

(One pound=453 6 grammes nearly) 

This system has also been adopted by the Government of India 
recently. 

The Momentum of a body is the product of its mass and velo¬ 
city. It has the same direction and sense as the velocity of the body. 
Thus the momentum is a vector quantity. If m be the mass of a 
body moving with a velocity v, its 

momentum = mv. 

3'2 Newton’s Laws of Motion : Newton, in his Principia, 
stated three laws of motion, on which is based the subject of 
Dynamics. 

Law I. Everybody continues to be in its state of rest, or of 
uniform motion in a straight line, except in so far as it is compelled 
by soni^ external impressed force to change that state. 

La t II. The rate of change of momentum is proportional to 
the impressed force, and takes place in the direction in which the 
force acts. 

Law III. To every action there is an equal and opposite 
reaction, i e the actions and reactions are always equal and opposite. 

3*21 The First Law : One of the two statements contained in 
this law is that a material body at rest remains at rest provided it is 
not acted on by some external force. This is self evident because 
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a book on a table remains there without any movement unless it is 
lifted or pushed or the table is moved to some other position. 

The second statement is that a body in motion remains in 
uniform motion for ever unless it is acted on by some external force. 
This part of the first law is somewhat difficult to realise in practice. 
A ball rolling on the floor does not continue to move for ever but 
gradually comes to rest. This may prove the law to be wrong but a 
Httle consideration shows that the motion of the ball is constantly 
obstructed by the friction of the floor—which is the external force 
If it is possible to eliminate the friction of the floor completely, the 
ball will continue to move on the floor for ever. 

The first law states a principle called the Principle of /"*rUa. 
Inertia is that property of material bodies by virtue of which they 
are unable, of their own accord, to change their state of rest o 

uniform motion. 

Force • Wording to Newton’s First Law of motion, force 
3 22 , m change the state of rest of a body or to bring the 
is necessary ( ) to change the speed of a body moving in a 

body into motmn, ( ) 1 the direc tion of a body without even 

This enables us to form a deHni.ion of force. 
Force A force is that which changes or tends to change the 
slate of rest or of uniform motion of a hod,, in a stra.ght line. 

The impressed force means the external force act.ng on the 

body. 

3 23 The Second Law firs f part of this law is that the 

rate of change of momentumjisproportional to the impressed force. 
This part of the la%V give^a method of measuring force. 

Let m denote^the mass of a body, t; its velocity. Let P be the 
force applied to the body and / the acceleration produced. 1 hen 
since P is proportional to the rate of change of momentum, 

Pcc 

P— k-^-(mv), where k is a constant, 
at 

= km^-, m being considered as constant, 
at 

Y>—kmf. 

Let us choose the unit of force in such a way 
acting on unit mass produces a unit acceleration, i.e 

when m= 1 and f= 1 • 

Thus 

Hence 

This equation is th£ fundamental equation of Dynamics. It is 
known as equation of mo 


or 


i.e. 


th 


force 
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This is sometimes stated in words as 


If 

then 

or 


Acceleration=^ orce P r °ducmg_motion 

Mass moved 

P=0, 


mf= 0 




or 


d 

dt 


(mv)=Q 


t - € - momentum, mv= constant. 

Thus when the body is not acted upon by an impressed force, 
it continues to move with constant momentum. Thus Law I is a 
particular case of Law II. 

3*3 Units of force : The unit of force is that force which acting 
on unit mass generates in it unit acceleration. 

In F.P.S. (or English) system the unit of force is the Poundal 
which is a force that will create in a mass of one pound an acceleration 
of one foot per second per second. 

In C.G.S. (or French) system the unit of force is the Dyne 
which is a force that will create in a mass of one gramme an acceleration- 
of one centimetre per second per second. 

These are called Absolute Units of force because their values are 

same everywhere, being independent of the acceleration due to 
gravity. 


3-31 Weight : It is defined as the force which the earth 
exerts on the body. Since acceleration produced by the attraction 
of the earth is g, the weight W of the body of mass m is given by 

W —mg 

in absolute units. 


If m=l lb., weight = £ poundals. 

Thus the weight of one pound is equal to a force of g{32) poundals. 

If m= 1 gramme, weighty dynes. 

Thus the x ’eight of one gramme is equal to a force of g{VSl) dynes. 

The weight of one pound is called a pound weight ior simply a 

.veight of one gramme is called a gramme-weight (or 
simply a gramme). 

These .*-e the (Gravitational Units of force. 

Thus 1 pound weight (or lb. wt.) =g (321 poundals. 

1 gramme weight (or gm. w t.)=g (981) dynes. 

, 32 Y alue of if varies s,i S htl V from 32 to 32-2 in F. P.S system 

at diiterent places on the surface of the earth. Thus the value of 
tjravitational Unit of l orce is not same at all places. 
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of 


3*33 Distinction between mass and weight : The mass 
a body being the quantity of matter present in the body is a 

' ° 1 • 1 r 1 _. I*-. A * rv**/'/. II’I t I I 


constant quantity whereas the weight ot a body is the force with 
which it is attracted to the centie of the earth and since the accele¬ 
ration due to gravity varies at different places, the weight of a bodv 
changes from place to place. 

3-34 The weight of a body is proportional to its mass : 

Let Wi and W 2 be the weights of two bodies whose masses are nu and 
7/72 respectively. Then at the same place 

W J =m i g 
VJ 2 =m z g 
W 1 == m* 

Wo m., ’ 

Thus the weight of a body is proportional to its mass. 


1.35 Physical Independence of Forces : The second part 
of Newton’s second law of motion states that the rate of change 

of momentum produced by the impressed force is in the direction in 

which the force acts, that is. the acceleration produced by a force 
is in the direction of the force. If two or more forces act on a 
body at the same time, each produces an acceleration proportional 
to it in its own line of action independent of the motion of the 
body. This leads to a principle called the principle ot Physical 
Independence of Force which states that if several forces act on a body 

simultaneously, then the effect of each forced the same as if the others 

mere absent. 

3.4 The Third Law : According to this law, (1) an action 
is always accompanied by a reaction and ( 2 ) the action and the re¬ 
action are always equal and opposite. 

No force in this universe exists singly. For every force in nature 
there must be another force equal and opposite to it in the same 
straight line These two together are termed Stress between the 

bodies. . 

Considering one portion of a body the effect on d on the 
other is called Action, the opposite lorce on the other portion is callec 

Reaction. 

Illustrations : ( 1) If a man presses the table with his finger, 

his finger also is pressed by the table with a force equal and opposite 
to that which the finger exerts on the table. 

(2) Horse and cart : In this case the force of tension with 
which the horse pulls the cart forward is equal and opposite to the 
tension with which the cart pulls the horse backwards. But since 
the force of tension is not an external force, it cannot ailect the 
system. The external force affecting motion is the Iriction between 
the feet of the horse and the ground. The horse pushes the ground 
backwards and an equal amount of friction, I say, acts forwards. 
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A small amount of friction, F' say, also acts on the cart checking its 
motion. The external force F — F' makes the cart move. 

Find the magnitude of the force , which acting on a mass 
of 2 lb., produces in it an acceleration of 5 ft./sec 2 . What will be the 
velocity of the body after 20 seconds ? 

Sol. Here m = 2 lb., / = 5 ft./sec 2 . 

P=mf 

= 2x5 poundals 
= £# lb. wt. 

Let v denote the required velocity. 

Then v=ft=5 x 20= 100 ft./sec. 

^ force equal to the weight of 5 lb. acts on a mass of 
Jo lb. for 2 seconds ; find the distance it has passed over. If at the 
end of 2nd second the force ceases to act, how far will the body travel 
%n the next 10 seconds if subjected to a resistance of l'-5 lb. wt. ? 

Sol. P=5 lb. wt. 

= 5 x 32 = . 60 poundals. 

Let / be the acceleration. Then 

Hr = i re L =>° 

Let s denote required distance, then 

s=lft*=\x 10 x 2- 
= 20 ft. 

The velocity acquired in 2 seconds is 

v=ft= 10x2 = 20 ft./sec. 

f° rce ceases to act at the end of 2 nd second and resistance 
acts during the subsequent part of the motion. Let r be the retard¬ 
ation produced by the resisting force, so that 

1*5x32 

r lb 

= 3 ft./sec 2 . 

S'= 20 x 10— A x 3 x 10 2 

= 50 feet. 

Ex. 3. A mass of 10 lb. falls 10 ft. from rest and is then 
brought to rest by penetrating / foot into a layer of sand. Find the 
average (..aust on it. 

Sol. Let v be the velocity acquired in falling through 10 feet 

I hen 

v 2 =2gh=2 x 32 X 10 
= 640 ft./sec. 

The sand offers resistance to the motion and a retardation is- 
experienced by the body. 



41 


The velocity is zero when the mass penetrates 1 foot into the 
sand. The retardation is given by 

0=640—2 x 1 X/ {v 2 = u 2 —2fs) 

or /= 320 ft./sec 2 . 

Let R be the resistance of the sand. Then , because l ^ C 

weighVof the mass is acting in the downward vertical directio . 

m/=R —rng 9 


R=m( f+g ) 

= 10(320+32) 

= 35 0 poundals 
_i jo lb. wt. 


10 ft. 


lOo 


*»■ 4. Z^^eZ l ef ^of \\e Strain 

th* start the speed be raised to ^ , J96fJ . //, 1955) 


Sol. Total mass of the train= .60 tons^ ^ 

, T . M = 0, 

NoW „=45 miles/hr. 

= 66 ft./sec. 

.s = l mile 
= 3 x 1760 ft. 

The acceleration of the train is given by 

v 2 = *2 + 2 /« 

66 2 _o+2/ x 1 760 x 3 

/=22 ft./sec 2 . 

• • 

Accelerating force is 

P = W 

160 x 2240 X 30 , b wt 
= 32 x 00 

= 4620 lb. wt. 

160x 2240 

Force of friction — 50 

= 7166 lb. wt. 

• Pull of the engine = 4620+7168 

= 1 1788 lb. wt. 

11788 = 5 gq tons vvt . 

— 2240 wo 


lb. wt. 


Force of friction — 
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Carnage 



Engine 


.5. An engine of mass 105 tons in coupled to and nulls a 
car* of mass 30 tons ; the resistance to the motion of the engine 

x 10 " lt3 ™ e % ht ’tte resistance to the motion of the carriage is 
15 ° of tt 8 weight. Find the tension in the coupling if the whole 
tractive force exerted by the engine is equal to the weight of 6000 lb. 

Sol. P, the tractive force 
=6000 lb. wt. 

Total resistance . • 

= (^S+i SL 5-o)x 2240 lb wt. 

=2800 lb. wt. 
the accelerating force 
= 6000—2800 
=3200 lb. wt. 

m, the total mass =135x2240 lb. 


T T 



f, the acceleration = - 


3200 x 32 64 


ft./sec a . 


135x2240 ~ 189 

To find the tension in the coupling T, consider the motion of 
the carriage alone. 

The accelerating force on the carriage • 

= mass of the carriage X acceleration 
30x2240x64 
“ 189 


poundals 


22400x64 
~ 63x3. 

= 7115 lb. wt. 

R,, the resistance to the carri ge 

30x2240 


lb. wt. 


Accelerating force 


150 


= 448 lb. wt. 


= Tension in the coupling — resistance 
= T — R 4 

T, the tension in the coupling 

= (71 154-448) lb. wt. 

= 11595 lbs. wt. 

Note. T can also be found bv considering the motion of th 
engine alone. 

In this case, we have 

P—T—R,=m/ 

or 6000x 32— T—H« x 22 40x32 =105x2240 x -."^ 

which gives T as before. 


e III (A) 

a vdoalv S POU " dS WCi o Sht wil ‘ g^c a truck of 9 tons 

ei velocity 01 ju m.p.h. in one minute ? 

2. A railway truck weighing 7 tons is pulled by a constant 
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force and travels 50 ft. from rest in 10 sec. Find the magnitude 
of the force. 

3 A train weighing 110 tons is running at 15 miles per hour 
when steam is shut off and a resistance of 10 lb per ton acts conti¬ 
nuously until it is brought to rest, find the distance it tia\el> 
after steam is shut off, and the time taken to come to rest. 

A ball of mass 0 oz. falls freely under gravity through a 
distance of 16 ft In the process of catching a man allows his 
hands to drop a distance 1 ft. Find the average pressure on h,s 



7 If P be the tractive force in tons on a train weighing W 
tons and RtJns the resistance, prove that the least time of travelling 

a distance s from rest to rest is 


[ 


2s 

9 


WP 1 

-R) J 




* R(P 

and the maximum velocity is 

2gs R (P-R) ~H 


IP.U. T.D.C. //. WOO) 


[ 


WP 


(P r ) 


pull 

the 

for 


is attached to a 
resistance due to 
a mile on a level 


in 100, steam 


8 . An engine which exerts a constant 
train of mass 1V0 tons (including the engine), 
friction etc., being 14 lb. per ton It runs 
track and gets up a velocity of 30 miles an hour. 

(t) Find the force exerted by the engine. 

(it) How far will the train run up an incline of 1 

being shut off? . • . • mn 

, q A train of 300 tons drawn up by an engine weighing 100 
ton£”starts from rest with constant acceleration and acquires a vclo 
city of 30 m.p.h. on the level in one minute, 
and the force exerted by the engine. 

Find also the force of tension in the 
engine and the rest of the train. 

10. A train of mass 160 tons starts fro 
exerting a tractive force of 2£ tons in exces 
speed of 37£ m.p.h. is attained. This s- 


ctliu av.t-|uu 

Find the acceleration 

coupling between the 
. Engtj. 19(10) 

on, the engine 
_ the resistances until a 
continues constant until 
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the brakes, causing a retardation of 2£ ft./sec 2 , bring the train to rest 
5 miles away. Find the time taken (£) during acceleration ; 
(it) d>uing retardation ; (Hi) altogether. \ 

^ 11. A small balloon of total mass 10 lb. at a height of li)0 ft. 
above the ground, is moving upward with a velocity of/'cO f p.s. and 
acceleration 4 f.p.s.s., when a mass of 1 lb. Becomes detached. 
Find the new acceleration of the balloon, assuming that the upward 
force acting upon it remains unaltered. 

Find how many seconds it takes the 1 lb. mass to reach the 
ground, neglecting air resistance. ( Lucknow) 

12. A train of mass 105 tons is travelling with a uniform 
speed, the resistance being 10 lb. wt. per ton. If the last bogie 
weighing 15 tons gets detached how much will the other portion 
have gained on it in 40 seconds assuming the pull of the engine and 
resistance per ton be same as before ? 


Answers 


1 . 

4. 

8 . 

9. 

10 . 

12 . 


• 

452 lb. wt. 2. 490 lb. wt. 3. 1694 ft. ; 154 sec. 

O-o lb. wt. 5. 100\/2 cm.ps. ; 222* gm. wt. 

3220 lb. wt. ; 1 *> 61-/3 ft. 

f— la f.p.s.s. ; P=9£- ton wt. ; X= 6 ^ ton wt. 

I 10 sec. ; 22 sec. ; 546 sec. > 11. /= 8 f.p.s s. : 5 sec. 

192 feet. J F 


R 


(B) MOTION OF CONNECTED PARTICLES 

3 5 Weight carried by a lift: A body of man in lb. % is 
placrif on a horizontal plane ivhich is moving with an upuvird vertical 
acceleration f ; to find pressure between the body and the plane. 

C u Th ,?r force; . ‘Acting on the mass are the reaction R of the plane 
of the lilt vertically upwards and its 

weight mg acting vertically downwards. 

The resultant upward force acting on the 
mass is R — mg. 

.'. equation of motion (by Newton’s 
second law of motion) is 

mf = R — mg " 

R=™(<7-r/) ...(1) 

• , 3 5 i Thus the pressure is greater than 
weight of the body by an amount mf. 

If the plane be moving downwards 
with an acceleration/, the resultant force 
downwards is mg — R so that the equation of motion now is 

mf—mg —R 
R =m(g —/) 
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m 


mg 


i.e. 

mf. 


the 


..( 2 ) 

pressure is less than the weight of the body by an amount 
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In (2) if f=g, R = 0, t.c. there is no pressure between the 
body and the plane so that the body and the plane move freely. 

Again, in (2). if f>(/, R ^ negative so that plane pulls the 
mass instead of pushing it which is impossible. The bods is left 
behind and moves freely. 

Ex 6 A ma-ts of 10 lb. is hung on a spring balance which is 
suspended from the roof of a lift. I That will the. re ,dings of the balance 
be when the lift is 

(*) rising with a uniform velocity of 0 ft./sec., 

( H) rising with an acceleration of -J ft. /sec*, 

(Hi) descending with an acceleration of 1ft. /sec*. 

Sol. (t) Since the velocity is uniform,/=<>. 

• reading of the spring balance= real vvt. 

= 10 lb. wt. 

(li ) Let R be the reading of the spring balance. Since the lift 
is rising with an acceleration of 3 ft./sec 2 . 

R=tl0 4 32-h3) = 350 poundals 

= V 2 ft lb - wt. 

= KHZ lb. wr. 

(Hi) Let R' be the reading of the spring balance. Since 
lift is descending with an acceleration of 3 ft /sec 2 . 


the 


R'= 10(32 —3) = 290 poundals 

= V/- lt>. wt. 
=9- 1 A „- lb. wt. 


Exercise III (B) 

eight of 12 kilogram is placed on the floor ol a lift 
to ascend with 

a uniform acceleration of 3 cm. p.s.s. 

a uniform velocity of 2*0 cm. p.s. 
on the floor in each case. 

lb weight carried on a spring balance in a balloon 
weii?ht of 4*8 lb. when the balloon is ascending. 

• ., ti ® Q r t b e balloon ? What should the body 

i. descending (0 with an acceleration of .0 ft. 
ne C r sec 2 (ii) with uniform velocity of 20 miles per hour, (ui) freely. 

3 ’ A parachute, weighing 1 cwt. falling with a uniform acce¬ 
leration from rest, describes 16 ft. in the first 4 seconds. Find the 

resultant vertical pressure of the air on the parachute. 

4 A body whose true weight is 13 oz. appeared to weigh 12 
oz when weighed by means of a spring balance in a moving .ill. 
WhaV was the acceleration of the lift at the time of weighing 





5. A lift weighing 1500 ]b. is pulled by a rope vertically 
upwards with an acceleration of 4 ft./sec 2 . What is the tension of 
the rope ? What will it be when the lift is being lowered with the 
same acceleration ? 


6. A lift whose weight is 19 cwt. is raised from rest by a force 
of one ton, the force being removed at a time such that the lift comes 
to rest again after moving through a total height of 20 feet. Prove 
that the total time from rest to rest is 5 seconds. ( Panjab) 


7. A cage of \ ton is being raised from rest with a uniform 
acceleration by a cable. The cable is allowed to become slack and 
the load comes to rest 225 feet above its original position. The 
total time form rest to rest being 11£ seconds, find the tension at the 
lower end of the cable when it is tight, the weight of the cable being 
neglected. 


8. A dtver jumps into a well with a life belt of weight 4 kilo¬ 
gram tied on to his head. What pressure does the belt exert on his 
head before he reaches the surface of water. 


1. (i) R= 12-04 kg. wt. approx. (n) R=12 kg. wt. 

2. /= 6-4 ft. p.s.s. ; 22 lb. ; 4 lb. ; zero. 

3. 105 1b. wt. 4. 2j®3 f.p.s.s. 

5. 1687-5 lb. wt. ; 1312-5 lb. wt. 

7. T=630 lb. wt. 8. Nil. 


3'6 Motion of two particles connected by a string : 

Tivo particles, of masses w 1 and m 2 , (?/r 1 >m 2 ) are connected, by a 
light, inextensible string which passes over a small smooth fixed pulley. 
To find the resulting motion of the system, and the tension in the string 

Since the pulley is smooth, the tension T of the string is the 
same throughout the string. 


Let at any instant, x and y be the depths of the 

^ . m 2 below the pulley. If? be the length of 

the string. 


x+y = l. 

Differentiating both sides with 


dx 

Tt 



respect to t , 


or 


dx 

Tt 


_ dy 

dt * 


Differen dating again, 

d 2 x 


dt 2 — 



d*y 
dt* * 



47 


Thus the velocity and the acceleration of the mass m, down¬ 
wards is equal to the velocity and the acceleration of the mass >n., 
upwards. 

Let/be the common acceleration. The equations ol motion 
of mass and m 2 are respectively 

m, /=m,,—T 

t/u f =T — 

Solving these equations for / and T, we get 


and 


/= 


rn l — m 2 


r= 


m 1 -h m 2 

2m 1 m t 

rn l -\-m 2 


9 


9 


The above equation gives 

2 Wi 4- m 9 

1 i 

> > i i =- b- . 

tn x g m^g 

Thus the. tension in the striiuj is equal to a weight which is the 
harmonic mean between the two given weights. 


3-61 Pressure on the pulley : The forces acting on the pulley 


are two equal tensions T acting along the string on 
both of its sides. If R be the pressure on the pulley, 

R = 2T =-i^-». 


m 


m 


The pressure on the pulley is always less than the 
sum of the weights of the masses. 

For 

4 m.m 2 

(m! 4- m a )y —R = (w l +»»^- rn^-^-m^ 9 

_ (rn l — m 2 ) 2 
77Z-j -f- 771 2 


R 

A 


in 


< 


tr 


which is always positive. 

3 7 Atwood’s Machine : This machine is used to find the 
approximate value of g. Two equal weights M each, are attached 
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to the ends of a string passing over a light frictionless pulley. An 
additional weight m (called the rider), resting on 
the platform A, is put on one of the weights. The 
platform A is dropped and the system begins to 
move with an acceleration 


. (m-f-M) — M 
J ,_ I K/r\ I K m(J 


m 


Let v be the velocity acquired when it has 
moved a distance AB=^. 

Then v-—2 fs. 

As soon as the weight carrying the rider 
passes through the ring B, the rider is caught off so 
that the weights on the two sides become equal and 
the system now moves with a constant velocity v . 
The distance h moved with this velocity and t, the 
time taken, are measured. Then since 

h—vt, 

we have 



hr= t rvr=t-.2 fs=2st-. 


m 


0 


TO+2M 

which gives an approximate value of g. 

38 Motion on a Smooth Table : Two particles of masses 
•tn x and m 2 are connected by a light inexteniible string ; m 2 is placed on 
a smooth horizontal table , the string passes over a light pulley at the t 
edge of the table and m x is hanging freely ; to find the resulting motu 
and the tension of the string. 

Let, at any time, x and y be the distances of the mass< 
the edge of the table. 

Then x+y=l, where 
I is the length of string. 



Differentiating 
sides with respect to t, 

dx dy 


both 


dt 


= 0 


Similarly, 


dx 

dt 

drx 

dtF 


dy 

dt 

d-y 
dt 2 



Thus the velocity and acceleration of m x away from the edge 
(i.e. vertically downwards) are equal to the velocity and acceleration 
ofm, towards the edge. 

The pulley being smooth, the tension T of the string is the 
same throughout its length. 
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R = 


The equation of motion for m l is 

m 1 f=m 1 g —T -- (1> 

The equation of motion for m 2 in the horizontal direction is 

m.J=T ‘ ...(2) 

(Since the mass m 2 does not move perpendicular to the table, 
m 2 r/). 

Solving (1) and ( 2 ), we get 


/= 


m 


m x -\-m 2 


-- <J 


and T= " lim * 


/«, -f- tfln 




3 81 Pressure on the Pulley r The pressure on the pulley' 
the resultant of two equal forces T at right angles. 

* R, the pressure on the pulle>'= V T--+-T- 

=-\/2T 
^ m x m 2 
^ fflj-f- rn. 2 ^ 


is 


3-8 2 Friction : When two perfectly smooth bodies are in 
contact, the direction of reaction between them is along the common 
normal. But when the bodies are rough, 
the direction of reaction between them is 
not along the common normal In this 
case, let X be the direction of reaction with 
the common normal. Then resolved parts 
of S, the resultant reaction, along the 
common normal and along the tangent 
line are S cos X and S sin X respeci ively. 

The former is called normal reaction and 
the later is called friction. It is this friction which opposes motion. 

Whenever a rough body, in contact with another rough body, 
is in motion, force of friction always acts in the direction opposite to 
the direction of motion. 

There are three kinds of friction : 



Statical Friction : When two bodies in contact are in equi¬ 
librium, the friction exerted is just sufficient to maintain equilibrium 
and is called Statical friction. 

Limiting Friction : When one body is just on the point of 
sliding on another, the friction exerted is called Limiting friction. 
Friction in this stage i* of maximum value 

Dynamical Friction : When one body moves nr slides on 
another body, the friction exerted is called Dynamical friction. 

The magnitude of the limiting friction (or dynamical friction) 
bears a constant ratio to the normal reaction. Thus if F be the 
limiting friction (or dynamical friction) and R the normal reaction 
at the point of contact, then 

F 

R 

where p. is a constant called the co-eflieient of friction. 

F=pR. 



50 \ 

1 8^ .Motion on a Rough Table : A mass m 2 is placed on a 
rough horizontal Kible , and connected by a light inextensible string pass¬ 
ing over a smooth pulley at the edge to a mass m x , hanging freely , to 
find the resulting motion and the tension Jn the string . 

The force of friction piR acts on mass m 2 in the direction opposite 

to T. 


The equations of J' 


motion are 


i 

y 

h — 

f T 
- 


rw,/=wt,gr—T 

.. (1) 

F-mR. 

f 


T lr 

m 2 /=T— pR 

...(2) 

m 2d 


R = m 2 g 

...(3) 



1 

i 

T 

From (2) and 

(3), 



™i9 


m 2 /=T — prn 2 g ..-(4) 


and 


Solving (1) and (4), we get 


m 1 — inn 2 
m x -\-m 2 




m x m 2 ( 1 + P-) 



The body moves if m x > [iw 2 . 

Ex. 7. Two weights W and W are connected by a light string 
passing over a light pulley. If the pulley moves upwards uMh an 
acceleration equal to that of gravity, show that the tension oj the 

string is 

4WW’ 

YV + W ‘ 


Sol. Let m l and m 2 be the masses of the two weights. 


Then 


and 




W 

il 

W' 

a 


Let / be the common acceleration of the two 
masses if the pulley were at rest. Due to upward 
acceleration of the pulley, the acceleration of m x is 
(/—;/) vertically downwards and that of m s is (f+g) 
upwards. 


The equations of motion for the two masses 


are 



and 


in t (/— g) = m 1 g — T 
m 2 < f+ g ) =T — m 2 g. 



C- 


Solving for T, we get 


T= 


4m,//?., 



t\ q c>o 


iVY5.it c 


7/4-+-m 2 < 

Ex. 8. A string passes overh-'pmooihyi.i^'l-pulley and^ to-one tpeef 
there is attached a mats M t anji lo the^otjier'a smooth fight pulley'over 
which i>as8(s another siring Amth masess m x aiid m^dl the ends. If the 
system is released from rp4l, skoiv that M trill not move if 

( Panjab) 


Sol. Since the pulley A does not move 

T=M<7. 

The pressure at the pulley B 

4m,//t 2 

— - - —— g 

This pressure must be equal to T 


or 


or 


T= 


M £7= 


4m,//? 2 


m 


m 


4 m,m 2 


4 

M 


m 

1 


m 


a 


1 


= — 4- 


/// 


m 




1 2 

. 9. A string passing across a smooth table at right 
to two opposite edges has attached to it at the ends two metsses m,, 
m 2 (m 2 >m 1 ) which hang vertically. A partible of masp^M it also 
attached to the, portion of the atring which is on the. tal^t. .Show that 
the acceleration of the system when released i. 

rn % — m i 

m x -\-m. 2 +M y ' 

Find also the tensions of the string on either side of M. 
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Sol. Let T x be the tension in the string connecting m 1 and M 
and T 2 , the tension in the other string. 

Since m 2 >m x , mass m x moves vertically upwards and mass 
77 ? 2 moves vertically downwards. 

Let f be the common acceleration. 

Then for the mass m^, m x f=T x —m x g •••(!} 

for the mass m 2 , m 2 f=m 2 g —T 2 -**(2) 

for the mass M, M/=T 2 —T x •••(3) 

Adding these equations, 

(m l + m 2 +M)f=(m 2 —m) 1 g 

m 2 m x 

Substituting the value of/ in (1) and (2), we can find the value 
of T x and T 2 . 

Exercise III (G) 

[Note. For all practical purposes, rotational inertia and friction 
between the pulley and its axle may be neglected.] 

.1. A light string carrying two masses of 14 gm. and 18 gm. 
hangs over a smooth frictionless pulley. Find the acceleration of 
the system and the distance moved by the greater mass in 5 seconds. 

2. In an Atwood machine a mass of 120 gm. is tied to one 
end, what mass should be attached to the other end so that the 
acceleration of the system may be \g. 

3. Two particles, of masses 7 and 9 lb., are connected by a 
light string passing over a smooth pulley. Find (1) their common 
acceleration, (2; tension of the string, (3) the velocity at the end of 
5 seconds, and (1) the distance described in 5 seconds. 

4. The sum of two weights of an Atwood’s machine is 16 lb. 

The heavier weight descends through 64 ft. in 4 sec. What is the 
value of each weight ? (P.E7.) 

5. Calculate the value of gravity from the following data 
""Calculated from the experiment done with the help of an Atwood 

machine. 


only 


Weight on each side =24 gm. 

Weight of rider = 1 gm. 

The greater mass fell through 10 cm. in 1 sec. 

6. if the siring of an Atwood’s in^ninO can bear a strain of 
i of the sum of the two weights,/show t\iat the least possible 


, • \/3 

acceleration is — g. 


over 


7. Two heavy particles are attached together by a string passing 
a smooth pulley. If the string can only bear a strain equal to 
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one quarter of the sum of the two weights ; show that the least 
possible acceleration is g/x/2 and that the greater weight cannot be 
much less than six time s the sm aller. ^ 

An Atwood’s machine is set up in a lift accelerating up¬ 
wards with 2 ft./sec 2 . If the masses are 3 and 5 oz calculate the 
tension and the length of time that elapses before 9 ft of thread 

passes over the pulley. 

9< Two scale-pans, each of mass m are suspended by a light 
string over a light pulley and in them are placed masses m t and 
(m x >m o,). Find the reactions of the pans during the motion. 

Two weights are connected by a string passing over a light 
frictioniess pulley. One is 12 lb. and the other is I l lb. They are 
released from rest, and after 2 seconds 2 lb. are removed from the 
heavier weight. How soon will they be at rest again, and how far 
will they hive moved between the instant of release and that of 

coming to rest again ? 

^11 A mass of 5 lb. is placed on a smooth horizontal table 6 ft. 
high at a distance of 18 ft. from the edge and connected by a light 
string 18 ft long to mass of 3 lb. on the edge of the table. If t e 
3 lb mass is pushed gently over the edge, find (i) how long it takes 
to reaTh theground ;(«> how much longer the 5 lb. mass takes to 

reach the edge. 

' 12 A mass of 20 lb. on a rough horizontal table is connected 

bv a light string passing over a smooth pulley at the edge of l iv¬ 
able and supporting a mass of 4 lb. which hangs freely. The 
table P th ° 20 lb. mass is 3 lb. wt. and the 4 lb. mass is 

frictional force on the 2U ua. n is re l e ased and after 

he string breaks. With what velocity will the 4 lb. 
one scc ° I ? d ^ S How f a j will the 20 lb. mass move after the 

fuming "does not reach the edge of the table 7 

L .. Two narticles P and Q are attached to the ends of a light 
urin, PilZd a smooth horizontal table ; while Q. hangs 

strm «, The system moves freely under gravity. The mass 

of Q. is 1 lbf If P moves 8 ft. in the first second, from rest, find^the 

mass of P. 

M M T e r ne m grlt°e f r maTTha^sf U 

removed from m so 8 that the motion may continue a further distance 
2 d in the same sense. 


I f=4 cm. per sec. 2 ; S=50 cm. 2. 72 grn. 

3 * (t *) f= \ It./sec 2 . (it) 11 lb. wt. (iii) 20 f.p.s. ( iv) 50 ft. 
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10 . 

11 . 

12 . 

14. 


10 lb. and 6 lb. 

3 J) ” oz. ; 1-46 seconds. 

2wi 1 (m+»i 2 ) 2;«gfm+w,l 

w!H-w 2 +2m’^ ’ 7^,4-7/104-2^.^ 

1 ?.2 sec. ; 5.Veo ^ eet * 

(i) 1 sec. ( 0 ) 1 sec. 

22 = 65 f.p.s. ; 2 f, inch. 

3(JII 2 —>//* *) 


5. </=980 cm./sec-. 


13. P=1 lb. 


(C) MOTION ON AN INCLINED PLANE 

3 9 A mass m l hanging vertically pulls a mass ni 2 2 /p a smoo • 
inclined plane of inclination a, 6// ///eans o/ azi hiextensible string pass¬ 
ing over a sinooth pulley at the top of the plane, the part of the string 
between m 2 and the puller/ being parallel to the line of greatest slope ; to 
find the motion. 

The tension T of the string is same through its length. The 
velocity and acceleration of m 1 verti- 

cally downwards are equal to the „ , 7 * 

velocity and acceleration of 77 ?o up the 

plane. Let/be the common accele- ,7 % 

ration. 

The equation of motion for m. *• 


and 


m l f=m l g — T 


...( 1 ) 


m 2 g 


The equation of motion for m 2 up the plane is 

//»j/=T— 7 / 2 of/ sin y. 

Solving ( 1 ) and (2), we have 


...( 2 ) 


/=- 


222 ,— 722o sin x 


222,4~ 7/2 2 


222,722 2 ( 1 4- sin a) 

T — , q 

7/2,4" 722 o 


If 7 = 0 , plane is horizontal and we get the results when tn 2 is 
placed on a horizontal plane. 

If x = 90°, we get the results when both the particles are sus¬ 
pended vertically as in Atwood’s machine. 

3 9 1 Rough Inclined Plane : A body slides along a rough 
inclined plane of inclination x, coefficient of friction g., to find the 
motion . 
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Let the body slide down the plane so that the fiction acts up 

the plane. Let / be the 
acceleration. 

Since there is no motion 
perpendicular to the plane, 

R = mg cos */.. 

The equation of motion 
down the plane is 

inf=mg s i n x — p R 

=mg sin y .—p mg cos 7 - 
or f=g (sin a —p cos a'. 

If sin a<p cos a, i.e. tan a<p, the body will not move. 

If the body is projected up the plane, the sign of p will be 
changed, and the retardation down the plane is, 

j/(sin x + p cos x'. ^ 

,n 2 4 mass hanging vertically , a maw up a roi^/t 

inclined plane of inclinalioiCVOy means of an mexlenslble string pas.,, 
ing over a pulley at IheJOp of tile plane , to find the motion. 

The plane rough, the force of friction pR acts down the 

plane as the motion of m 2 is up the plane. 

Since m 2 docs not move perpendicular to the plane 

R = m»g cos % 

Let/be the common acceleration of the system and T the 
tension of the string. 

The equation of motion for m x is 

m 2 f=rn l g—T 

The equation of motion for m. £ is 




...( 2 ) 


/// 


,/=T —in./j sin v — pR 
= T — m/J sin a-fiwjj cos x 
= T—m./j{ sin a -\- p cos a) 


...(3) 


From (2) and (3), we get 

(m l -\-m i )f=m 1 g — m 2 g(sin a+p cos x). 

Ex 10. 7W er/iia/ty rough planes , coefficient of friction p. 
of height and of inclinations a* arc />/aced back 

J and in , arc placed on them and are connected by a light 

masse, i . 1 * passing over a pulley at the common vertex of the 

,n( plans r«/"“ d parJ/ei to Ike fines of greatest slopes 
of thJ planes throtgZ the lommon vertex). If m, descends, find the 

m olion. 
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Sol. L-et / be the common acceleration and T, the tension of 
the string. 

Since the mass m l moves " ^ R z 

down the plane, its equation 
of motion is 

m 1 f=?n 1 g sin a* — pR x —T 
and because there is no 
motion of m 1 perpendicular 
to the plane. 



77,25 

& 


R 1 = tn 1 g cos x x 

m \ f =m i7 sin 7.,-nmjj cos a,—T 

= m i( 7 (sin a, — n cos cc x )—T ...(») 

Since the mass m 2 moves up the plane, its equation of motion is 

?n 2 f=T—rn 2 g sin a a —/xR 2 
whereas R 2 = h » 2 (7 cos a, 

so that w * 2 / = T — w 2 < 7 (sin a 2 -f-p cos x.,) -..(**) 

Adding (i) and (t*i), we get 

(WjH-m.)/ =^[w,(sin a* —p cos x x ) — m 2 (sin a 2 -fp cos a 2 )J. 

Exercise III (D) 

. ^ A body slides down a rough incline of slope 30° to the 
horizon. If the coefficient of friction between the plane and the 

body be v ^ , find the acceleration and the time taken by the body 

to slide down the plane through 8 ft. from rest. ( P.U .) 

JZ. A heavy particle of mass 1 5 lb. resting on a rough inclined 
plane (p=o) of height 12 ft. and base 16 ft. is connected by a fine 
string which passes over a smooth pulley on the top of the plane 
with two particle 5 °f masses l lb and IG lb. which hang vertically. 

altei the system has been left free to move for one second the 
particle of mass 16 lb. is taken away, how long after would the 
system be momentarily at rest ? (P-U.) 

-.9k A body of mass 10 lb., is placed on a rough plane, whose 

coefficient of friction is ^ and whose inclination to the horizon 
is 30° ; if the length of the plane be 4 feet and the body be acted on 

by a force, parallel to the plane, equal to 15 lb. weight, find the 

time that elapses before it reaches the top of the plane and its 
velocity there. 

'4. A particle slides down a rough inclined plane, wh< 
inclination to the horizon is ~ and whose coefficient of fricti 

? ’ • S i 1 ° vv tI . lat the time of descending any space is twice what it Would 
IJC 11 th e plane were perfectly smooth. v AP.U.) 
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* Two rough planes, inclined at 30° and 60° to the horizon 
and of the same height, are placed back to hack j ““Mes ol ^ 
10 lb. are placed on the faces and connected by a stn g p S 

the top of the planes ; if the coefficie fiiction be — y find the 

resulting acceleration. , f 

» tszrst&xx. iszst** =- 

friction ^ 3 . Find the distance the car will describe on an equally 
rough horizontal road at the f*>t of the incline before coming to 

rCSt ' Two weights m and »>* ^Ue'of^nclla': 

weight to hangs vertically and draw \ P , h ° acceleration is less 

tion a and coefficient of friction s Frote mat t 
than it would be if the planp^ere smooth by an amount 

( j.m' cos a 
m+m' 

«^A body slides fdTtancTof^o^a 

iiori^ma? planed! fhbfassunied that the body experiences no^hock 
in passing from one p^ne^to other. * n{y _ X) - 

where X is the angle of friction. 

xl ^4oswers 

. r , 2 2 ^.-sec 3. v/ 2/2 sec., 8v/2 ft/sec. 

4 ft./sec-. H v 

2 v / 3 —3 <7 

Larger descends with acc.— g 



1 . 

5. 

6 . 


2761 x/3 

36 


yards. 




Miscellaneous Exercise on Chapter III 


A train weighing W tons is .^“Y^|^ e Tfrom'i^'Fffid 

when a carriage of weiglU^ tons «ss (res i sta nce neglected). 

the change in the accelera.on of he uniform speed 

2. A train of mas 120> tons is Graven ^ ^ wt pcf ton . l f a 

the resistance d “ c ^ ^sUpped, how much will the other portion 
portion of mass 20 tons 1 PP § asslim j£ the pull of the engine and 

have gained on it m 12 samc ^before ? 

the resistance per ton t^, accc lerated, acquires in two 

™”nt o1 f^ritod »: ffi°e C pafof 3 ^ by ‘the driving 

whed^offfie^engme cannot ^ rf ^ cngine support ed by 
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the driving wheels is 25 tons, the velocity at the end of a minute 
after starting" will be less than 29- 1 5 j- miles per hour. 

. A small balloon of total mass 10 lb. at a height of 100 ft. 
abovo'the ground is moving upwards with a velocity of 60 
and acceleration 4 ft./sec 2 when a mass of 1 lb. becomes 
Find the new acceleration of the balloon assuming that the 
force acting upon it remains unaltered. 

Also find how many seconds it takes the 1 lb. mass to reach the 
ground neglecting air resistance. 

5. Prove that shortest time from rest to rest in which a steady 
load of P tors can lift a weight YV tons through a vertical distance 
h feet is 



V 


2 h 


1 


p — W 


sec. 


(D.U.) 


6 . One force acting on a certain mass, originally at rest, causes 
it to move through a cm. in the pth second of its motion and a 
second force couses it to move through b cm. in 7 th second of its 
motion. Determine (t; the measure of the second force, when the 
first force i. taken as the unit and (*») the measure of the first force in 
dynes when the mass on which it acts contain m grammes. ( P.U.) 

Masses m, and rn 2 in an Atwood’s machine are allowed 
move from rest any distance .r. If w, is greater than m 2 , show 
the mass which must suddenly be removed from m x at the 
distance x, so that the motion in the same sense may 
further distance nx is 

(n-4- 1 )(»*,* — ?n 2 2 ) 

(n 4- I )w 1 4-in -n- 1 )m 2 




8 . A man of mass 12 stones and a sack of mass 10 stones are 
suspended over a smooth pulley by a rope of negligible weight. Find 
the pressure on the pulley and the acceleration of the man. 


If the man pull himself up the rope so as to diminish his acce¬ 
leration by one-half, find the upward acceleration ol the sack and 
show that the acceleration upwards of the man relative to the rope is 


q_ 

10 




9. Two particles of weights \V, and W.. (W 1 >\V.d are connect¬ 
ed b> a light intextensible string, which passes over a small smooth 
fixed pulley. If the weights start from rest from positions where the 
vertical distance between them is r, the weight W x being at a higher 
level, find the interval «»t time t which will elapse before distance 
between them is </, taking rf>r. (PC. 1901 S) 

10. The two masses in an Atwood’s machine are each 240 
giamines, and an additional mass <>1 10 grammes being placed on one 
ol them it is observed to descend through 10 metres in 10 seconds ; 
hence show that 7 = 980. 
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A string passing over a smooth pul.e>. carries ». 
one end and a pulley of mass m at the 8 Find the 

"mTioTof 2 tLmas S s C ^ Kh» th'e system is moving freely under 
"‘tt Amass., hanging -‘^^^f^n'the ^ ^ 

increased by one-half : f.nd the 

ra,i °r 3 : 1 A mass m lyingontt 

on'wSfch S^^sMring of mass M£.hre*ded and then pa-s 

over a smooth fixed ^nd the whole system lies in a veru- 

Sf^ne! det e ermine g the" tension of the string and show that the mass 

M will remain at rest provided 

2 1,1 

M = m 1 m 

_ , ti lie on a smooth horizontal table. They 

are joined t^a String on which slides^ *™?her "in" pLTue'l straight 
Hnes^nd^her^g hangs oveTthe edge, prove that when released the 
tension in the thread is 

2 </ 

TJ _ 1 _ 3 

win ^*m 2 171 1 , , 

1 / 1 J \ 

and that the aceeleration of the ring downwards is -g- - 

sfSil2i-s=£S£;S£''!“5 

?he horizontal part of the string may be equal 

to VV 2‘ ^- ticle j s projected up a rough plane of inclmirf&n <! 
wit\J£locky * and returns to its parting point, after coipSSg to .test 
withvelocity r. Show that the coefficient of friction 

_ s O J k ) \ 


tt 2 — V- 


/ 2 —l , 2 . 

- , tan x= 2 tan x 

u*+t > 2 *a a + f i* 


where <• f* are the times of ascent or descent. 

17 J^Cmass m is drawn up a smooth inclined plane, of height 
j xJ^ngth™ by means of a string pass,ng over the vertex of the 
plane/from the other end of which hangs a mass m . Show that, m 



order that m may just reach the top of the plane, m' must be detached 
after m has moved through a distance 

m-T-m’ hi 
m’ h-\-l 

18. A particle of mass 2m is held in contact with a rough plane 
of inclination x to the horizontal, and is connected by a light inexten- 
sible string passing over a pulley at the top of the plane to a freely 
hanging particle of mass m. Assuming that angle a is sufficiently 
large to ensure that the particle 2m will move down the plane when the 
system is released, prove that the ensuring acceleration down the 
plane and the tension in the string will be given by 

/= (2 sin x— 2p cos y .— 1)-^- 



2 mq , . ... 

-g- (sin x— p cos y~T~ 1 )• 


Find also the condition which p 
the particle may move up the plane. 


and x must satisfy in order that 

( P.U . 1956) 


Answers 


1 


6. (j) 


8 . 


15. 


W - w 

b(7p—\) 


2. 17-28 ft. 


4. 8 f.p.s. ; 5 sec. 


,,, . , ( ii) First force = ~ a — dynes. 

a[2fj— 1 ) ' p — 1 


8 

55 a 


11 . downwards. 


12 . 2 : 1 . 


VVj -f- W t < 1 + It) J7 . »W,Wj( 1 4- . Wj — pnWo ,. T 

Wj + nWo ’ W I -f-n\V 2 * W, + »W 8 ’ 1 


W 2 = n : p 



• / 







SIMPLE HARMONIC MOTION 


(A) Motion in a straight line with variable acceleration 

4-1 Equations of Motion : In chapter I, we obtained three 
different expressions for acceleration, viz., 

, dv d-s „ dv 

f=di or dt 2 ° r l ^' 

Since Impressed Force P = mf. 

Equation of motion takes three different forms : 

dv (to be used when P is a function of t or v) 


I. P = m 


II. 


1 \ 

„ d 2 * A \ 

P=:Tn dt* ( ” N 


• t 


9 > 


* > 


* » 


t) 


dv 


\ 


III. P—„ P ” s or r) 

The use of these equations is illustrated in the examples. 

Ex 1 A particle of mass m begins to move with initial velocity 
of ka from a distance a, towards a fixed point O in the straight line. If 
the force per unit mass is k*s ; show that though it gradually approaches 
O but would never reach it. (k^>0) 

Sol. Force on mass m = mk 2 s, which is a function of 5. 

using III of Art. 41, 7 nv£=mk*s 

'Ivdv = 2k-sds. 

Integrating, v 2 =k*s- + c. 


But initially, when 


s=a, v=ka 
c= 0. 

Whence v=±ks. 

Since the mass is moving towards O, v is negative 

ds . 

v= —jr = ks 

. . dt 


ds 


or 


= —kdt. 


Integrating 
When t= 0, e 


log 8= — kt-\-c'. 
a, hence c'=log a. 
log 8 —log «=— kt 
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or 


log—= —kt 

CL 


or 


s—ae kl = 


a 

it 


As t increases s decreases. But s cannot be zero for any real 
value of t. This proves the result. 

Ex. A particle moves in a straight line under the retardation 
uv~, where ;x is constant. If initially it has the velocity u, show}fiat 

the distance travelled at the end of t seconds is log ( l-\-p ut), 

Sol. The equation of motion is 

dv 


dt 


= — /xv 


Separating the variables and integrating, 

where c, is constant of integration 

1 


or 


Initially, 


when 


v 


= /x/-fc 1 . 

t=0 , v= u 


u 


=c 


i.e. 


which gives 


which we can write as 


c i — 


u 


— = jxf+ — 
v ‘ u 


v=~ 


u 


l 4- ILUt 


u 


ilx 

di 1 4 - (xut 


Separating the variables and integrating 

J J dt+c ' 

where c 2 is the constant of integration. 


Xss * ~ log (1 + 


Initially, when / = 0, r = 0. 
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0 = Co, * 6. 


c 2 =0. 

1 



x= — log (\+fj.nl). 

V- 

Ex. 3. A particle moves in a straight line starling from a dis¬ 
tance c to O centre of attraction towards, which the force per unit mass 

’ c 2 

u A- Show that the time required to reach the centre is —— • \ - 

x 3 V H- 

(P.U. 1962 , JO] 

Sol. At time t t let P be the position o 
of the particle starting from A, where 
OA=c. Let OP=x, O being the centre of force. 


.r 


The equation of motion is 


dv 

m.v —j- 
dx 

dv 


or 




dx 


— m. 

x 3 


X 3 


Integrating both sides, we have 

**= % +c ‘ 

where c, is constant of integration. 

Initially (at A), when x=c, v = 0. 

• • c 2 


Ci = 


or 






= M 


: 2 — x 2 
c 2 x* 




dx 

dt 


V fj. v/c a —x 2 [—ve sign being taken 

- — - before the radical 

_ ___ because the particle 

V M- V c 2 - r 2 moves towards O, the 

cx direction in which x 

decreases.] 


Separating the variables and integrating, 


f cx 

J V 7 c ‘ 


cx.dx 


dx 


= jx | dt-\-c t 
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where c~ is the constant of integration 


or 


c y/ c 2 — x-= y/ p. t-\-c s . 
Initially (at A) when a;=c, £=0. 

0= \/ p .0-f-c 2 . 

c 2 —°- 


c. \/ c- — x-= V 


or 


t = 


C y/c 2 -x- 

V(I 


c 2 


Patting x = 0, the time required to reach the centre 0=—— 

4 2 Motion Under the Attraction of the Earth : Earth 
attracts a body (mass in) outside its surface with a force varying 
inversely as the square of its dis¬ 
tance from the centre 


i ,e. 


P= — 


pin 

x 2 


...(I) 


while for the motion inside the 
surface of the earth the force of 
attraction varies directly as the 
distance 

i.e. P'= — Ainx ...(II) 

pi and X are the constants of 
variation and may be found as 
follows. 

Let a be the radius of the 
earth. At B, a point on the surface 

of the earth, where .r = a, the attraction is mg ; whence from I 

— mg—— which gives fj. — a z g. 

Similarly from II, —mg — — Xma, yielding Xas— • 

a 

the laws of motion fer outside and inside becomes 



P= — 


a-gm 


and 


P'= — 


.V s 


mgx 

a 


The negativ e sign are in view of tlie foices being of nature of 
attraction, which acts in the direction opposite to that in which the 
distance .r increases. 


Ex 4. Show that the 
jfctffl from the surface of the 
miles per second. 


velocity with which a pat tide must be pro - 
earth so as to escape to infinity is about 7 

(P.U. 1960 ) 
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Sol. For motion outside the surface of earth. 

p_ — ajpn ^function of x) 


dy 

mv^—= — 
dx 


x 2 
a 2 gm 


or 


vdx = — a 2 g 


Integrating 


v 


dx 

x 2 

a 2 y 


...(I) 


Let V be the velocity of projection so that when x=a, v=V. 

V 2 

* 2 * =a g-\-c 


or 


V 2 

c= ~2~~ a 9 


...(II) 


From (I) and (II) i> 2 =V 2 -f- 7 — 2ag. 


o r 


The equation requires that v->0 as x->oo , so that 

V 2 =2 ag 

V= y/ 2ag= V2x 4000 x 1760 x 3 x i>2 f.p.s.= 7 m p.s. nearly. 

Ex. 5. Show that the time of descent to the centre of force, the 
force varying inversely as the square of the distance from the centre , 
through the first half of its initial distance is to that through the latter 
half as 7T-+- 2 : 7i — 2. 

Sol. Suppose the particle starts from rest from a distance a. 


By the Hypothesis, v ^ = — 


...(I) 


2m 


which gives on integration, v 2 = -fc. 

x 


When x=a, v — 0, hence v 2 = 2/x^-^- ...(II) 

• =± V 2 K-s—£-> 

Since the A motion is in the direction opposite to that 
in whiclVa: increases, v is negative. 


dx 

dt 


— 


or 


/ s/ 2 ir dt= -\/ if-a dx - 
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Let t x and t 2 denote the times for the two halves. 

• a~- X dx =f al 2 V a-** 


=r /2 

J "/4 


2a sin 2 Odd — —. (^-{-2) 

/4 4 

(putting x=a sin 2 0) 


Similarly J^ /2 \/ ~ a dx =^ ( * 2) ’ 

Hence : t 2 =~ -f- 2 : ——2. 

Exercise IV (A) 

j the time taken by a particle to move a distance s ina^st. 
line is given by t = as 2 -\-bs ; show that it moves under a retardation 
varying as the cube of the velocity. 

.y^2. A particle initially at rest, moves from a fixed point in a 

st. line so that at the end of t seconds, its acceleration istfn\+ 

Show that its distance from the fixed point at. the end of'— seconds 
is 2- — log ("+ 1 )• ^ ^ 

vjy Prove that it is impossible for a particle to move from rest 
so that its velocity varies as the distance described from the com¬ 
mencement of the motion. 

If the velocity varies as (distance/', show that n cannot be 
greater than h. 

i^4. A particle moving in a st. line is subject to a resistance 
which produces a retardation Kt3, where v is the velocity and-dsl is'a 
constant. Show that v and t are given in terms of x by the expiations 

v -l+Kxu * *- 2 ^ + t/ '/ 

where u is the velocity at /=0. (P.D. i960) 

i^5. A particle moves in a st. line from a fixed point O with its 
velocity V under a force which produces an acceleration px, where 
is the distance from O. Find the time taken in moving a distance 
and the distance moved in time t. Find also the time taken for 
the velocity to be increased to 2V. (P.D.) 

^6. A particle moves towards a centre of attraction, starting 
from rest at a distance a from the centre. If the velocity at a 

V Q- _ ^2 

—; find the law of the force 

and the lime it takes to arrive at the centre. (P.U. 1955) 

7. A particle is attracted by a force to a fixed point varying 
inversely as the (distance)". If the velocity acquired in falling from 
the infinite distance to a distance a from the centre be equal to the 
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-.ocity acquired in railing from rest a, a distance „ to a distance 
~ 4 ~> then show that n = —~. 

t ** -V «me 

velocity u of the particle is § Wf 3 /h and that th* ^ th< L 

it before it acquire this velocity is 15 u 2 /l6f. space described by 

9. A particle moving in a st I in,* 

f , a*N J ° st. line has an acceleration 

X +-&) toward » a fixed point in the line at a distance* If;. 

starts from rest at a distance « from the fixed point, show that it 
arrives at it in time „ *; . 1C 


4W 


(PU.) 


the earth at a dfstance'^from Its cln^ pVv?'£°™ he Jarc 0 '^ 

velocity on reaching the centre is „( 3-%.) ; where „ is the radial 
o he earth and g is the value of gra vity at the surface of the earth. 

earth U ^ ° ' Hat the Ve '° city °" reach “8 the smfl« o7tfe 


’ 2 K *-£) 




5. t= —Lsinh-* : ar= 

V (x V 

T*_ 1 

~ lo S (2+V/3). 

6. Law of force is ~ m f^ 2(l2 . n 

x 3 


sinh 


V y t 


T= 


Vy * 

(B) Simple Harmonic Motion 
♦ * 4 i? Sim P ,e Harmonic Motion or S H M^n,« ^ r , r , 

outstanding examples of motion with a variable^lcration the 

4 31 Del*. When a particle moves iji/cL >strairiht i; no tl 
Us acceleration ts always directed)towards a tfVvv/ • V • 450 that 

and is proportional to the distance ofWtS^article J from line 

its motion is called Simple Harmonff Motion frSHM.^ 

'The fixed point is called the mean position or the centre 

Case 1. Let O be the fixed point on the linr* mri ,1 
particle start from rest from the point d iet the 

A where OA=-«. 7 

—--- oc oc^ct , 

^ Let P be the position of the 0 p ' A 

particle at time f. where OP=*. Then, by definition, magnitude of 
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the acceleration is [lx and since the acceleration is directed towards 
O, therefore, the acceleration in the positive direction of rr-axis 
is — fjx. 

the equation of the simple harmonic motion is 


• • 


or 


d*fi dv 

& = °r 

2vdv=—2[Lx dx 


[LX 


..(I) 


Integrating, 


v 


2 - ^2 +G 


where G is a constant of integration. 
Initially when x=a, v—0. 


0 = — 


a 


G= £f*a 2 


v 


x- 


+G 


1 


or 


or 


T =- ' i 2~+~r' ja ‘ 

v 2 = ^(a 2 —x 2 ) 

v= ±\/ /x \/a 2 — x- 
dx 
dt 


...(II) 
...(II ) 


= ih'V / M V a 2 — x‘ 


This gives the velocity v for any displacement x. 

Since the particle is moving towards O, x decreases as 

• . dx . 

increases so that is negative. 


* 


dx 

~dt 


or 


dx 


= — V p V a 2 —x 2 
= V (x cf<. 


<r 


V a 2 — a ; 2 

Integrating, 

“ f ~ 7 ^—•> = f V /* ctt+Ci 

J V a 2 —.x 2 J 


=y/ k 


cos 


-1 


X 

a 


where G x is a constant to be determined. 
Initially at A, /=0 when x = a. 

C 1= 0 . 


COb 


—i 


X 


a 


= V fL t 


or 


rx=a cos \/ \x t 


.(III) 
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Case 2. If the particle starts from O towards A, v is positive. 
In this case x=0 when t = 0. 


dx 

~dt 


= y/ p y/ a z — xr 


or 


dx 


y/a~— 


yj H dt. 


Integrating, 


sin -1 —= y/ /x 2-}-C. 

CL 


where C« is a constant. 


Now 2=0 when .r=0. 

C 2 =0 

sin -1 —= y/ {x t 

CL 

x — a sin y/ \xt ...(IV) 

Thus x=a cos y/ /x t, from (III) 

or x = a sin y/ fx t, from (IV) 

according as t is measured from A or O. 

4*32 Nature of Motion : The velocity v for any displace¬ 
ment x is given by 

v = ±y/ fx y/or — x 2 ...(II) 

When x—a , v=0. 

Also when x= — a, u= 0. 

/. if A' is a point on the other side of O such that OA' = a, 
‘he particle comes to rest at A'. 

The velocity is maximum when x=0. 

atO, v=±V fx a. ..-(V) 

The acceleration is maximum when a:=±a, t.e. at the extreme 
positions so that 

Maximum Acceleration =/xa. ...(VI) 

The particle starts from the point A under an accelaration 
towords O. The velocity, therefore, goes on increasing and the 
acceleration is decreasing. At O, the mean position, the velocity is 
maximum (magnitude= and acceleration is zero. The parti¬ 

cle now moves to the left side of O. The acceleration being towards 
O, velocity will go on decreasing now so that at A' the velocity 
vanishes and the particle is instantaneously at rest. At this position,, 
the acceleration is maximum and is towards O. The path is 
retraced. The motion is, therefore, from A to A' and back to A and 
so on. 
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The motion of the particle is oscillatory. 

The distance a , the distance of the extreme position (the posi¬ 
tion of rest) from the centre is called the Amplitude. 

Velocity will be half the maxhnum, i.e. V /x at a dis¬ 


ci 


V 3 


a. 


tance y so that from II, \/ p. = \/ p. ■%/a 2 —y 2 or y= ^ 

4 4 Periodic Motion : Def. A particle is said to have 
periodic motion when it moves in such a way that.it occupies the 
same position and moves in the same direction with the same velocity 
after some fi xgd inte rval of time. This fixed interval is called the 
periodic time. 

441 S.H.M. is a Periodic Motion: VVe shall gnovv now 
that the simple harmonic motion is periodic wh^>se period is rp depen¬ 
dent of amplitude. 

The displacement x of the particlb-affer time t is given by 

x=a cos y/ /jl t 
= a cos ( V p. t- f-2-) 

^(‘-“ 77 ) 


—a cos 


. (A) 


Also the velocity of the particle at time t is given by 

dx .— . . —. 

v = — - = —a v p. sin v [x < 


= — a p. sin ( V p. / 4- 2-) 

= — a \/ p sin V p (t -\— 

V V p. / 


...(B) 


It follows from (A) and (B) that the particle has the same 

. .... . 2tt ‘hr 

position, velocity and direction after times *-f- , —=, t-\- 


it had at the time t. 


V 




V 


as 


2tz 


Hence S.H.M. is a Periodic Motion of period — . —— • 

V H 

4 42 Period for one oscillation or Periodic Time is independent 
of amplit ude. 

Since in S.H.M. the particle has a periodic motion, the period 

„ . . 2tz 

of motion being . — which is also the time from A to A' and back 

V p. 

to A, i.e., for one oscillation, 


T= 


2tz 


V fj- 


which is independent of a (amplitude). 
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i » 

The period for one vibration is ^ —* 

44 3 Frequency is the number of complete oscillations in one 
second. If n is the frequency and T the periodic time, then 

71T = 1 

1 _ V jx 

— 7i= -r- m • 


2 - 


...(VIII) 


Ex 7 A particle moves in a straight line with S.IlJf- of pe rl ° 1 
2 sec If it starts from rest at a distance of 13 cm from the centre of 

the path, show that the greatest velocity and the %^i/^7m,sec. 
when it has just described 8 cm. are respectively 13., and 11.. cm ,sec.^ 

Sol. Let u. be the constant of S.H.M. 


We have 


2 - 

T = -^t= = 2 

v (x 


M = 


2 

i* • 


a = 13 cm. 


Also _ 

... greatest velocity “ ^2 cm./sec. 

When the particle has described 8 cm., it is at a distance of 
5 cm. from the centre. 

.r = 5 cm. _ 

Now v=■>/[*■ 

= tz\/ 169—25 

= 12— cm./sec. 

Ex 8 Show that a particle executing simple harmonic motion 
requires one-sixth of the period to move from the P oslltou of maximum 
displacement to one in which the displacement is half the amplitude. 

Sol. If t be measured from the instant when the particle is at 

rest, then _ 

x=a cos y/ \xt. 

a 


Here 


x= 

a _ 
2 


or 


cos y/ {X t = 


V H- 


t = 


2 

a COS y/ {X t 

TZ 

IT 

TZ 


or 


t 




V M 
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Now the period is given by 


T= 


2tt 


V [t 


whence [ip t=$T. 

Ex. 9. A point is performing simple*harmonic motion of period 
T about a centre O, and it passes through the position P(OP=b) 
with velocity v in the direction OP. Prove that they(ime' % that elapsf^ 

before it returns to P is —tan* 1 2-^b * 



hen 


or 


and 


Sol. Let t be the time from A t 

x=a cos y/ p t 

b=a cos y/~pt 

Also v=y/g.y/a- — b- 

2 - 


O 


= (D 


which gives 


T= 


Vfx = 


From (1), 


cos p t = 


V (X 
2tc 

T * 

6^ 
a 


> • 


tail y/ p 


vT 
2t zb 

vT 


• • 


required time 


"/!= W“—6 a _ vl 
b 

t — — tan -1 _ 

y/ jx 2—6 

T . vT 
== 2t 7 tan_1 2 tt6 
= 2 1 

T 

= — tan -1 


«v 


vT 
2rzb # 


Ex. 10. A particle is moving with S.H.&I , and while making 
an excursion from one. position of rest to the other , its distances from the 
middle point of its path at three consecutive scco7ids are observed to be 
* r i> ;r 2 > 3*3 '> prove that the time of complete oscillation is 

2rr 


i /Tj-f-a’oN 

C-fer) 



So!. Since the times arc measured from disposition of rest, we 
have i -r three consecutive seconds t, t-\- 2, 


x x =a cos y/ p t 

x 2 = a cosy /_p (<+l) 
x 3 — a cos y/ p lt+2) 


...( 1 ) 

•••( 2 ) 

...(3) 
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Adding (1) and (3), 


*l + *3 = 


COS y/ (X 


V H- 


a [cos \/ fz< + cos\/ jx (< + 2)] 

a . 2 cos V y (< + 1 ) . cos\/ p. 
:2a- 2 • cos \/ ix » [from (2)] 

*1 + 3-3 

2r„ 


, *l + *2 

= cos -1 —=- 


2x-. 


2rr 

time pcn°d=^- 


2rt 



. /*,-+-3*o\ 

cos (,-^r ' 


plete vibrations per minute. Assuming*™ 

that the maximum force upon th p (P.U, Pre-Engg. 106 1 ) 

Sol. a, the amplitude= 1 cm. 

m, the mass of the particle=4 grammes^ ^ ^ 

Number of revolutions per second= « 0 — * • 

Now number of revolutions per second represents frequency. 

vT-LL 

~27t 2 

= 11 - 


or 


V v- 

(JL = 121—- 

Maximum acceleration 


= ya 

= 121+ X 1 cm./see. 2 
= 12Its 2 cm./sec. 2 

- Maximum force=Mass X Maximum acceleration 

= 4xl21- 2 dynes 4 
= 484rc 2 dynes. 

f 3 s *1 

Xovuld be traversed by a particle starting from rest unaer j 

gravity . 
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Sol. Let G be the centre of the earth,a its radius and QR the 

tunnel. \ 

Let CL 1 QR. . - / LVP A» 

Let P be the position of the particle Qf | < 

at a time t, where LP = ?/. / \ 

Now the law of force of attraction j V J 

inside the earth is \ G / 


1/1 (fX 


n p 

i.e. -. Cr. 

a 


/. Component of attraction along 

L P = — m — CP . cos ZCPL=— ^ . y 

s-t n 


„ • r c r» • wgr 

Equation of motion of P is in j^-= - f U 


d*y 

ill 2 




which represents a S.H.M. whose period 


vr* ^ 


required time from R to Q, 


"Vt 


= 3-1416 


V 


40UU x i 760 x 3 
32 


= 42-5 sec. nearly. 


/ Exercise IV (B) 

l5efine ‘Simple Harmonic Motion’ and prove that it is 
pcrtdaic j ( P.U . 1966) 

2r^ A^particle moves in a st. line with a force varying directly 
as its distance from a fixed point on the line. IT the force be attrac¬ 
tion sho/uOhat the periodic time is independent of the amplitude. 

f (P.U.) 

A point, moving with S.H.M., has a velocity of 4 ft./sec. 
when passing through the centre of its path, and its period is T , 
— sec. What^TlS velocity when it has described one foot from the 
position in wnich its velocity is zero ? Also find the time taken. sp 

4. A point executing S.H.M. passes through two points A and -kJ/ 
B, 2^ s trrdhes apart, with the same velocity having occupied 4 sec. 
in passing from A to B. After another 4 sec. it returns to B. Find 
the period and the amplitude. 


^ > c 






i 


r ^ 
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If the displacement, velocity and acceleration at a particular 
instant of a point moving under S.H.M. are n cm., 5 cm. sec. anc 
5 cm./sec 2 ; find the maximum velocity and period ol motion. . 

^ A particle moves in a st. line with S H.M. of penodif ^ 
time of 2 sec If it starts from res, at a distance of 13 cm from ccn're . 
its path, show that the greatest veloctty and the «loc.t> 
when it has just described 8 cm. are 13-and 12.. cm. per -cco. d 

respectively. 

7^ (») A point P moves in a straight line with S.H.M. the 

centre of motion being O and the extreme position being A. U 
point in OA such that the time from A to Q. is the same as 
from Q, to O. Show that OA 2 = 20O-. 

(«) If O A 2 =20Q. 2 , show that time ipdni A to Q. is the same 

as the time from Q, to O. 

At the ends of three successive seconds, the distances ol a \ v 

• t. * • ‘tK, q |4 ivf from its mean position, measured in ihe 

point moving with o.H.IVl. noni u* r . r rAmn u fP oscil- 

same direction are 1. 5, 5. Show that the period ol complete osc,l_ 


V 


lation is seconds, where 


0 


cos 0 — -=—. 
5 


(P.U.) 


A particle is executing S H.M. ; A and B are the two 
points at which its velocity is zero. It passes through a cert 
point P at intervals of 0 5 and 15 seconds with a speed of^. 

Determine the maximum speed and also the ratio - pB . (II.) 


sec 


its velocity zero whcnT^is'at the^oints^A and 

0 W L Cn oAghi ha J f re be rmid th 6 e r«pect f iver y , "tow fhi tj^S^dic time 
7T b — a) 


is 


v 


i /T. A S H.M. such that in two of its positioi 

thVvelocitics ar°e u, v and the two corresponding accelerations x, ,i 


u 


show that the distance between the two positions is a + p • 


Also show that the period of motion is 2., / 



And that the amplitude of the motion is 


( P.U .) 


f (t ; 2 — u 2 ) ’a 2 u 2 — ~ (fi> a ). 


(P.U.) 


p — «■ 

A horizontal shelf is moved up and down with S.H.M. ot 
* A i «.rnnd What is the greatest amplitude admissible i 
:X d .h 4 at rwelght^cedon the^helf may not be thrown off. 
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maximum 


If the displacement of a moving point at any time is 
by an equation of the form 

x = a cos kt-\-b sin kt 

show that the point executes simple harmonic motion. 

Ifa = 3, 6—4, k= 2, find the period, amplitude, 
velocity and maximum acceleration of the motion. 

14 . The speed v ofthe particle moving along the axis of a: is 
given by the relation t/ 2 =386.r— x 2 — .260 Show that the motion i^ 
simple harmonic wilh its centre at .r=46 and amplitude 26. Find the 
time from x=5b to x = 66. (P.C7.) 

151 A point moving in a straight line with has 


2 * 


velocities v. and v z when its distances from the centre ate x\ and x 

(P.U. 1959, 63) 



Show that the time of complete oscillation is 

2- a /T» 2 ZL a 'i 2 . 

161 A particle moves with S.H.M. in a straight line. In the 
first second after starting from rest it travels a distance /tfNand in the 
next second it travels a distance 6 in the same direction. Prove that 
the amplitude of the motion is 

• (P U. T.D.C. 11/1964) 

17. A particle is attached to one end of an inextensih/e string 
and the other end moves with S.HM. in a vertibaLJine with n 
complete oscillations per second. Show that the string will not 

remain tight during the motion unless x 2 < where a is the 

4r: 2 a 

amplitude of motion. 



Answers 


3. 

v=3-46 fip.s. ; <=— / 6 sec. 

4. 

16 sec. ; 16 97 in 

5 

Max. vel. = 5\/2 cm. p s ; 

T = 2- 

sec. 

9. 

3\/2 fp.s. ; -^r=0 17. 

12. 

ff 

16r: 2 ’ 

13. 

3*14 sec. ; 5 ft. ; 10 fip.s. 

14. 

7w 

3n 


(C) Motion of a Particle attached to Light 

Elastic String 

4 6 Hooke’s Law. It states that the tension of an elastic 
string or spring is proportional to extension. 

Let T be the tension in an elastic string whose natural length 
t. Let /- \-x be the stretched length. Then x being the extension, 

T-X — 

L * 
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where X is a constant (called the Modulus of Elasticity ) which depends 
upon the material and thickness of the string. 


4 61 Vertical Elastic Strings. A particle of 
from a fixed point by an all elastic string of natural 
length -1 and modulus of elastricity X, stretching 
it, when in equilibrium to a length ( + e. 1 He 
■mass is then pulled down a further distance c<b 
and then let go ; to discuss the ensuing S) 

Let a particle of mass wi be suspended at 
one end A of the string the other end O of which 
is fixed. Let OA = 1. 

Let OB be the length of the string when 
the mass m hangs in equilibrium and let AB —/. 

Since mg=T 

By Hooke’s Law, 


mass m hangs 



mg 


=T=X 


e 

T 


...( 1 ) 


Let the particle be displaced vertically below B through a 
distance c. Let P be the position of the particle at time t, where 
PB=x. if T be the tension in the string in this position, we have 


T=A. 


AP 

l 


= f(e+*) 




"Kx 



L 


= mg-\ - Y' lrom (I) 

The equation of motion of the particle in the direction 

d 2 c _ 

in -T7. = mg— l 


BP 


is 


dt 2 


= mg — ^ 


>.r 

T 


dry _>_ 

dl z Ini 


which is the equation of S.H.M. with period 
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Hence the particle moves with S.H.M. with its centre of oscil¬ 
lation at B, the equilibrium position. The mass attains maximum 
velocity at B. 

Maximum velocity= \/{i. (amplitude) 

( P.U . 1961) 

4*62 The following points may be noted : 

1. The motion is simple harmonic about the equilibrium 
position B, and not about A. 

2. The motion will be simple harmonic as long as the particle 
is below A, i.e. as long as the string is stretched. 

3. If the particle rises above A, the motion above A is a free 
vertical motion under gravity. This case will arise if the particle is 
pulled below B a distance greater than AB, i.e. when c>e. 



Ex. 13. A light elastic string whose natural length is 4 ft. 
is such that a force of 12 lb. wt. will stretch it to twice its natural length. 
One end of the string is fixed and a mass of 4 lb. is attached to the other. 
Initially the string is vertical and the mass is held so that the string is 
just unstretched. The mass is then Ut go \ prove that the subsequent 
motion is simple harmonic and find the periodic time. 


Sol. Since the force of 12 lb wt. extends the string to twice its 


natural length, by Hooke’s Law. 

\2g = \.\ 

X=!2 g. 

Now when the mass of 4 lb. is suspended, let 
e be the extension in the equilibrium position. 

4 !Z=A.-|-12 g.\ 


o 


1 A 


L- 3 


A 

e 

B 


G 


44 

e 
B 


Let, at any time t, P be the position of the 
particle, where BP=a\ Let T be the tension in the 
string. 

Then T = A . — 

4 



The equation of motion along BP is 



d~x 

dr- - U J- T 


. . e-\-x 

4j7-a . 



79 


= \g—\2g 


4 

3 


-f-c 


d-x 
dt 2 


=4g—(*g+5gx) 
= — 3<7j*. 


= — 24.r 


which shows that the 
brium position. 

Here 


motion is simple harmonic about B, the equili- 


Periodic time = 


(j. =24. 
2 - 


2 - 


= — see. 

Vb 


V g. V 2i 

14. A light elastic string of natural length l has one extre¬ 
mity fixed at a 'point A and the other attached to a stone the weight of 
which, in equilibrium, would extent the string to a length l x . Show 
that if the stone be dropp ed from rest at A, it will come to instantaneous 
rest at a depth VI* — l 2 below the equilibrium position. (P.£7.) 

Sol. Let m be the mass of the stone attached to the point B of 
the string whose upper end is fixed. 


Then the extension produced = /j — l. 

In the equilibrium position, 

J x -l 

mg=\±j- 
. _ mgl 

h—i 

The particle falls freely from A under gravity, 

acquiring a velocity= V2gl at B. The string is 
then taut. Let P be its position at time t at a 
distance x from C, the equilibrium position. 

Then the tension in the string in this position 
is given by 

_ Ah — 


I 


■M 


[ B 


A 


l 


& 

it l 


b-i 






T C 

x 


T=V- 1 — 


v 


l 


h-l 

— mg-\- 

The equation of motion is 

dv 

mv ~dx ~ m g T 


(h — l)-\x 

l 

mgx 

h-i 


= rng — tng — 


mgx 

h-l 




cC 


mg 


•or 


dv 

V ~d^ = 


h~l 

9 


. x 


l x —l 


which shows that the motion is Simple Harmonic about G, the 
-equilibrium position. 


Integrating, we get 


v 


2 


9 


X 2 


h -l 


+ C, 


where G is a constant. 
At B, 


x= — (l x — l) and v= V" 2gl 
_ 9_ (h-l) 2 

2 “ 




l x —l 2 
9Ux—l) 


+G 


2 


v 


•2 


+ 0^4“ 


9(li-D 


2 — l x —l 2 * ' 2 

when v=0, the value of x from this equation gives the amplitude. 

o- r _ r _ +ffi+ --- 


or 


9_ % _ nlA- 

l x — l 2 ~ <jL+ 2 


or 

or 


gx 


2 


1,-1 =9lh+Q 

X 2 =l 1 -—P 


x= Vl x 2 — l 2 . 


Ex. 15. A light elastic string AB of length l is fixed at A, and if 
a mass m be attached to B, the string would be stretched to double its 

771 

length. If the mass — be attached to B and let fall from A , prove 
that 

(i) the motion is S.I1.M. 

£ 

(«) the amplitude is —l 


( iii) the period of oscillation is 

9 


V 


[2v/2+j+m-i £ ]• 

( P.U . T.D.C. II1966) 
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n SoL Sinc « the J*™® 15 stretched to double its natural length 
when a mass m is attached, we have 6 

_ 21—1 
n^=X-j— 


= X. 


Let now mass ~ be attached to the end B of 

the string whose natural is AB=/. Let C be the 
position of equilibrium, where BC = e. Then 

mg ^ e 
4 —A * 


/ 


= mg 


e 

1 


e — 


Since the particle falls freely under gravity from A, the velocity 
of the particle at B= \/2gl 7 

V> hr V !h hen th< 7 particle falls below B, the string becomes tight. Let 
P . b o , the P ositlo . n . of rest. Then obviously D is the lowest point 

«l^Sr ° f thC PartiClC at 3 d ‘“ - below & the 

e+x 


Then 


T=X 


l 

l 


4 

- m g~i - 

mg rngx 
4 l 


The equation of motion is 

m 

4 

m 


d 2 x m 

di>=- 4*~ T 


rn n ( mg mgx \ 
“ 4 g + — ) 




d 2 x 

di 2 


mg 

l 

4 ff 
l 




of>qui S ]ibrium hat ^ motion is sim P Ie harmonic about C, the position 


Here 


4g 

-f 
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Let a be the amplitudes and v t the velocity at any instant. 
Then v 2 =(i(a 2 — xr) 


At 


B, x= — and v=y/2gl. 

9 „ 7 _ 4 9 I' ^ 


2 w- 


=a- 


or 


a 2 = 


9/ 2 


a=f/ 

amplitude=CD = 

Now the time ( = #,) taken by the particle from D to C 

= ix period of S.H.M. 

= J _ 2tz 

4 V 

1 _ 2tz _ 

4 ’ V *g/l 


V 


Time (= 


> taken by the particle from G to B 

x = a sin y/ u. t z 


■%\ here 


"4 


V 


V 


BG( = 


W • I 

Now since amplitude GD( = Ji) i s greater than 
f/4,, the motion above B is freely due to gravity. 

time { — t a ) taken by the particle from B to A 

Ve locity at B 

~~ ~ 9 

= V 2gl _ /2T 


the length 


=v 
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time for one oscillation 

== 2[l 1 +/ 2 -f-/ 3 ]_ _ 

4*7 Horizontal Elastic String : Let one end of an elastic 
string of natural length I be fixed at a point O on a smooth horizontal 
table. Let a particle of mass rn be attached to the other end of the 
string. If now the particle is displaced along the line OA to I* 
where AB=a and then let go and if P be the position of the particle 
at time t so that AP=x, then the equation of motion along AB is 


r 


A T P B 


d*x _ 




or 


(Vhc 
at 2 


l 

X 
ml 




...(!> 


which shows that the motion is simple harmonic about A. 

2tt 


Period of oscillation = 


V 


ml 


V'-? 


time from B to A= — 


I 9 hn 

. Z7T T— = 
A 


...( 2 ) 

X 

ii no longer stretched 
Due to the velocity 
it comes to A' on the 


V 


When the particle reaches A, the string 
and the simple harmonic motion ceases 
acquired at A, the particle moves further till 
other side of O such that OA' = OA = a. The velocity from A to A' 
is constant since the string becomes slack. Now as the particle goes 
beyond A', the string becomes taut so that motion is again simple 
harmonic till the particle reaches the point B', where OB' = OB. 
The particle is now instantaneously at rest, 
towards O under S.H.M. upto A' and then with 
upto A and then again with S.H.M. upto B. 
particle is again at rest. This motion is repeated. 

Now equation (1) can be written as 

dv X 

dx Im 


It then moves 
uniform velocity 
At this point the 


x. 
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Integration gives 


W 2 


X 

lm 


x 2 


+ G 


At B, v=0 and x 

G 


— a 


~ '2.1m a ~ 


v 2 = -—(a 2 —x 2 ) 
hn 


v — V 


hn 


y/ a 2 —.r 


8 


negative sign being taken because x decreases as t increases so that 

dx 

■j—, i.e., v is — ve. 

at 

Velocity at A(.r = 0) is A / A a in the direction AO. 

V tm 

The particle moves with uniform velocity from A to A', where 

AA'=2 1. 


time taken from A to A' = 


21 


“V 


— ^ . / hn 

-« V 


hn 


Motion from A' to B' is again due to simple harmonic motion 
and time taken 


= — A / lm 

* V A 

time from B to B'= ~ 


lm . 71 
2 


V 


lm 

~ 


-V 


'? (-+ > 

the particle returns to the point A after time 

= 2 -2 ). 

Ex. 16. An elastic string to the middle point of which a particle 
of mass m is attached is stretched to twice its natural length and placed 
on a smooth horizontal table and its ends are then fixed. Find the period 
of oscillation when the particle is displaced in the. direction of the 

( P.U . B.Sc. 1960) 


21 


OX 7 * f f* 


Sol. Let 21 be the natural length of the string. Then the 
extended length is 21. Let O be the middle point and A and B the 
fixed ends. Then AO=OB=2/. 
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and 


Let P be any position of the particle, where OP 

Then AP = AO + OP 

=2/ 

*. extension of AP=2 l-\-x 1 

=/ + -r, 

BP=OB-OP=2/-r 

• extension of BP=2/ x I 

• • 

= l — x. 


Let T and T' be the tensions in the portions PA 
pectively. 


and PB i cs- 


Then 


T=X 


and 


T' =A 


l -4- •*•* 

T 

/ —* 


The equation of motion of P is 


d 2 X rr» / 'T* 

m ^ =T ~ T 

=X i ±i 


l 


— X 

I 


= —X 


2.r 

l 


or 


d' z x 2X 

dt 2 ~~ bn 


-which shows that the motion is simple harmonic about O. 

2tt J2lm 

V A ' 


period = 


V 


2X 

Im 


Exercise IV (C) 

1 A body of mass 5 lb. is hung by a light ex,e "* 

vertical obscillation of a three-ounce weight supporte y {Pt u.) 

spring. . _ 



86 


3v^If t x and be the periods corresponding to two different 
attached weights and c x and c 2 the statical extensions due to these 
weights, prove that 



4. An elastic string without weight, of which the unstretched 
length is l and the modulus of elasticity is the weight of n ozs. is 
suspended by one end and the mass of m ozs. is attached to the 
other ; show that the time of small vertical oscillation is 



5. A particle of mass m is attached to one end of an elastic 
string, of natural length a and modulus of elasticity 2 mg, whose 
other end is fixed at O. The particle is let fall from A, where A is 
vertically above O and OA = a. Show that its velocity will be zer j 
at B, where^^==3flr. Calculate also time from A to B. 

\ 6./An elastic string of natural length 21 can just support a 
cer tam/weight when it is stretched till its whole length is 31. One 
end of the string is now attached to a point on ' a smooth horizontal 
table and the same weight is attached to the other end. Prove that 
if the weight is pulled to any distance and then let go, the string will 
become slack after a time 



h 


■Vf 


(P.U.) 


.. An elastic string supporting a heavy particle hangs in 
equilibrium, the elongation produced by the weight of the particle 
being equal to e. The particle is now pulled down below the 
equilibrium position through a distance d greater than e, and then 
released. Show_ 4 hat the height to which the particle will rise after 

, * • X u . • <* s -e 2 

the string ceases to be taut is 




8. State Hooke’s Law. Two bodies of masses M and M' are 
attache^ to the lower end of an elastic string whose upper end is 
fixed and hang at rest. If M' falls off, and a be the unstretched length 
of the string, and 6 and c the distances by which it would be 
stretched when supporting M and M' respectively, find at time t the 
distance from the upper end of the string. (P.C7.) 

One end of an clastic string (modulus of elasticity X) whose 
natural length is a is fixed to a point on a horizontal table and the 
other end is tied to a particle of mass m. which is lying on the table. 
The particle is pulled to a distance from the point of attachment 
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^ h ,V tr ; ng Cq r al 10 ! wice ll f natura l length and then let eo 
that the time ol complete oscillation is 


Sho 


w 


2 (^ + 2 ),^/ 


ma 


Answers 


1. 

'p 7T 

L = -f SCC * 


5. 

7Z 1 

IF + ? sm 

“t + 

8. 

cos 

Vi 


■> 71 
2 ‘ 8 V 2 SeC 


a 


2v 2 


seconds. 


Miscellaneous Exercises on Chapter IV 

_ 1 ‘. A P ar * icIe starts from rest and moves along a st. line with 

^™^ *' ,0n/vary,n K aS If » **= its velocity at a distant 

from the starting point, show that 

(n+l)v 2 = (n+2)fs. 

2. A particle moves^in a straight line under a force to a point 
I 1 Y a . r V r, S as (distance) 3 : show that the velocity in falling from 

res, a*distanceTo a dtsTnce > eqUa ' *° ' ha ' aCquired 
ofT. Sive^ 

°n the ^TsuTck' ^ ^ 

Ejf?* WA”„i,r C prove 

that the time it takes m reaching a height h is ' * OVe 

where « is the radius of the earth. 

, 5 The acceleration of a particle moving in a straight line is 

alwa>s directed towards a fixed point O in the line and vadc „the 
square of its distance from O. It starts from rest from a poinTa, a 
distance c from O. Show that the time the particle takef to reach 

the centre O is ~-=( y ) ; f* being the constant of variation. 
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6. A particle moves in a straight line from a distance a, to 
centre of force. Show that the time required to reach the centre is 


d? 

or 

V (a 


2a* 
V 3(x 


according as the force of acceleration is r~ 3 or pr 


5 

3 


7. A particle of mass m is attracted towards a fixed point O 
with a force in/j. times the distance from O. If initially it is projected 
towards O with a velocity v from a point distant c from O, show that 
the amplitude of its oscillation is 



(P.U.) 


8. If a is the amplitude and T the period of a show- 

that t^T 2 = 47r 2 (a 2 — x 2 ), where v is the velocity at any distance x. 

When the particle is at a distance from the mean position, its velo¬ 


city is increased to five times. Find the 
would be the new amplitude if the velocity 


fifth ? 


new amplitude. What 
were decreased to one* 


9. A pai tide of mass 2 gm. is moving with S.H.M. If its 
greatest velocity is 20 tt cm. per sec. and the amplitude of oscillation 
is 20 cm., find the period and the force of attraction towards the 
centre when the particle is at its greatest distance from it. 


(P.U. 1961) 


10. A mass of 1 gm. vibrates through 1 mm. on each side of 
the middle point of its path 256 times per second ; assuming the 
motion to be S.H.M., show that the maximum force upon the particle 
is -^(51271)2 dynes. (P.U.) 


11. A particle rests in equilibrium under the attraction of two 
centres of forces which attract directly as the distance, their attraction 
per unit of mass at unit distance being p and The particle is 
slightly displaced towards one of them, show that the time of small 
oscillation is 

2tc 


VpH-fx' 

12. An elastic string of natural length a + b (a>b) and modulus 
of elasticity X has a particle of mass m attached to it at a distance a 
from one end, which is fixed to a point A of a smooth horizontal plane. 
The other end of the string is fixed to a point B so that the string is 
j T * unstretched. If the particle be held at B and then released, show 

ii»nt it will cscillate to and*fro through a distance ^^ /a + V^) in a 
periodic time ~\y/a-\- \/b) 
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13. A particle of mass m executes S.H.M. in the line joining 
the points A and B on a smooth table and is connected with these 
points by elastic string whose tensions in equilibrium are each I ; 
show that the time of an oscillation is 



mil' 

T(t-l') 


where l, l' are the extensions of the strings beyond their natural 
lengths. 

14 The particles of masses and m 2 are tied to the ends of 
an elastic string of natural length a and modulus A. They are placed 
on a smooth plane so that the string is just taut and m* is projected 
with any velocity directly away from m x . Prove that the string will 
become slack after the lapse of time 


71 


v 


Cl 771 1 TTl<£ 


AtWi -j-wio)* 


( P.U. 1969 S) 


Answers Misc. Exercise IV 

.Y. ; y^ € ~ 1^. 10. T = 2 sec. ; F = 40 n 2 dynes. 



CHAPTER V 

PROJECTILES 


5 - 1 Motion in a plane. We now discuss the motion of a 
particle in a plane. In tliis case the position of the particle in the 
plane is known if we know its co-ordinates referred to two fixed 
perpendicular axes OX and OY in the plane. It will be thus con¬ 
venient to find the expressions for the components of the velocity and 
acceleration along these perpendicular directions. 


5 11 

Let the 


Components of velocity along OX and OY. 

particle be moving along the curve APQ, and let 

P, Q, be its positions at times t and 
If (x, y) and (x-b&r, y-\- 8y) be 
the co-ordinates of P and Q, referred 
to the rectangular axes OX and OY, 
then the components of the displace¬ 
ment PQ, along the perpendicular 

directions OX and OY are 8x, 8y 
respectively. 

.*. the resolved part of the velo¬ 
city parallel to OX 

T 8x dx 

= Lt -=- = — ...(I> 

$-*0 dt dt 



and the resolved part of the velocity parallel to OY 

ht dy 
8t —dt - 


= Lt 
8r-> 0 


...(II> 


If the resultant velocity he denoted by V, 

v - V (* f i(10' - a •••«■» 

(From Differential Calculus) 

Let 0 be the angle which the direction of motion makes with the 
axis of x. 

Then tan 0= ^ /*£- 

tit / <n 


dt 

djf_ 

dx 


the path. 


=• slope of the tangent at P ...(IV) 

the direction of motion of the particle is along the tangent to- 
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5*12 • Another method for the resultant velocity at P. 

Let A be a fixed point on the curve and let arcs AP and AQ_ be 
e and «+Ss respectively. Let chord PQ„=8c. 

w T chord PO 
Then V= Lt - ^ 

S/-J-0 

_ _ chord PC) 

~~8/-Jo arc P Q 

(Is ds 
dt dt 


arc PQ 
St 


t 5c 

Lt —- Lt 

Q—>P bf > 8i->0 


8s 

St 


r ^ 


5'13 Components of acceleration along OX, OY. 

Let u, v denote the resolved parts of the velocity of the particle 
parallel to the axes at time t and u-\-Su, v+Si; be the resolved parts at 
time t-\-St. 

Then the average rates of change of the component velocities 

are 

Su . Sr 
bt 


and 


St 


resolved part of acceleration at P along OX 

Su du d / dx v d 2 x 
St dt dt\dt ) dt 2 


= Lt 

S /-*0 


Also 


du 

dt 


du 

dx 


dx 

dt 


— u 


du 

dx 


-(I) 


...(II) 


And resolved part of acceleration at P along OY 

St; dv jil_ , dy_ \ dry 

~~ dt \dt ) dt 2 

o/ —»VJ -- 

dv 


= Lt 


Also 


S,-»o dt 
dv dy 


dt 

do 


dt dy dt V dy 


-(HI) 


-(IV) 


Hence the resolved parts of the acceleration are 

du 


and 


dt 

dv 

dt 


d 2 x du 

or i? OI “ sz 

d 2 y dv 

dt 2 dy 


along OX 
along OY. 


5 14 Equations of motion in a plane In tins case two 
equations ofmotion arc obtained by resolving the forces al ong_ the 
rn-ordinate axes. If P and Q aie the sum of the resolved parts of 
the forces parallel to OX and OY respectively, then the equations of 

motion, fix>m Newton’s second law of motion, parallel to these axes 


are 


dt 2 


...(i) 



92 


...(II) 

has studied in Plane Co-ordinate 
the parabola with its vertex upper¬ 
most, at the origin, its axis along 
the y-axis and tangent at the 
vertex as x-axis is 

x 2 = —4 ay. 

The focus is S(0, — a) 

Latus Rectum LL'=4 a. 

Equation of the directrix, 
HK is 

y=a. 

Some of the properties of 
the parabola are : 

(1) Distance between the 

Focus and the vertex is \ (Latus Rectum) =a. 

(2) Any point on the parabola is equidistant from the focus and 

the directrix, i.e. PS = PM. # 

(3) Tangents at the ends of a focal chord are perpendicular and 

intersect on the directrix. 

(4) The foot of perpendicular from the focus on any tangent 

lies on the tangent at -the vertex. 

(5) The' tangent PT at a point P, bisects (externally) the angle 
between the focal distance of P and the line through P || the axis. 

5yLl The Equation (x— li) 2 =—4a(y— It). - •••(!) 

If 1 'we shift the origin to the point ( h , k) and denote the current 

co-ordinates by (X. Y) ; then 

X=.c — h and Y =y—k. 

So that the equation (I), becomes 

X 2 =— 4aY ...(H) 

which represents a parabola, whose 
(/) Axis is X = 0 

or x — h— 0 ...(III) 

(?T) Tangent at vertex is 

Y = 0 

or y — k — 0 ...(IV) 

(Hi) Vcitcx, the point of inter¬ 
section of (III) and (IV) is 

V(/i, A*). 

(iv) Latus Rectum, LI.' = 4n. 

(v) Minus sign on R.H.S. 
shows that concavity of the parabola 
is along OY', i.e. downwards. 
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(in) Distance of focus below the vertex =£(L.R.) — a. 

(vii) Focus=S (h, k—a). 

(viii) Directrix hasihe equation 

/ y=k+a 


...(H) 

...(III) 


Ex. t. Find the axis , vertex, focus and directrix of the parabola 

4x 2 — 8x-\-7y=0. — (I) 

(I) can be rewritten as 

x 2 -2x-\-\ = -ly+l 
or 

which is of the form X 2 — 4aY 

where X=x— 1, Y=y — f ■ 

(II) represents a parabola with concavity downwards, whose 

(i) Axis is X = 0 or a:—1=0. 

(ti) Tangent at Vertex is Y=0 or y— 7 — 0. 

(tit) Vcrtex=V(1, ?). 

( iv) Latus Rectum = 4 . _ 2 

(v) Distance of focus below the vertex=i(L.R.) — 1 o- 

(tn) .'. Focus=S(l, $ — i 2 e)=(I» 'i X i 5 2 ')* 

(vii) Equation of Directrix is 

i / = * + - 1 2 0 - or 11 3y= 112 

Clearly parabola (I) passes through the origin. 

Ex. 2. Find the axis , vertex , focus and directrix etc. of the pm a 
bola whose equation is 

0** _ ...(I) 


y=x tan *-'2 u*'cos*^l 


(I) may be written as 

gx 2 — 2u 2 cos 2 or.tan <x.x= —2 u 2 cos 2 <x.y 


x 2 - 


2u 2 sin a.cos a . u 4 si n 2 a cos 2 « 

-— x-\ - ~i 

y J 

2 u 2 cos 2 a , U* sin 2 « cos a 

= - g y+ 


/ u‘ sin a cos a 2 «» cos 2 o f 

(*- 5 -' = ~ « ^ 


sin 2 » ^ ...(II) 


which is of the form ^ 

it 2 sin a cos a 

where X=ar — 


X 2 =—4aY 


...(HI) 


; Y = y — 


u 2 sin 2 a 
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.*. (II) represents a parabola with concavity downwards, whose 

A - 


(ij Axis is 


X = 0 


or x= 


u 2 sin a cos a 


(ii) Tangent at vertex Y=0 or y = 


u 


g 

sin" 1 a 


2 ~:_2 


2 g 


(iii) Vertex 

(iv) L.R. 


-(= 


sin a cos a 


u 2 sin 2 a 


g 

2 u 2 cos 2 a 
2*7 


2 g 


)• 


(*>) Distance of the focus below the vertex 


= {(LR) = 


, O o 

u~ cos- a 


2(7 


(vi) Ordinate of the focus = 


0*0 
v- sin- a 


u 2 cos 2 a 


Focus=^ 

-( 


W" sin a cos a 

g 

m 2 sin 2a 

2(7 ’ ' 


2 g 

it 2 cos 2a 

2 g 

u £ cos 2 a ^ 

2^ / 


2(7 


— u 2 cos 2a 

2(7 


) 


Directrix is parallel to the tangent at vertex and above it 
at a height of ; }(L.R). 


Equation of directrix is y — 


u 2 sin 2 a u 2 cos 2 a u 2 




2y 2<j ~ 2g 

T lie given parabola (I) clearly passes through the origin. 

^ 3 Projectile. "We shall consider the motion of a particle 
projected into the air in a direction oblique to the vertical. Such a 
panicle is called a projectile. We shall assume that there is no 
resistance due to the air and that the value of g remains constant. 

1 he path described by the particle is called the Trajectory. 

^ of mass m is projected in vacuum with velocity 

n,in a direction making an angle a with the horizontal, to find its 
motion ana tin t ,ath described. 

I ake O, the point of projection, as the origin and the hori¬ 
zontal and the vertical lines through 
O as the axes of x and y. 

The resolved parts of the initial 
velocity u are u cos a and n sin a along 
OX and OY respectively. 

Let P (.r, y) be the position of the 
particle after time t. 

The only force acting on the 
particle is its weight 7 ng acting verti¬ 
cally downwards, the resistance of air being neglected. 
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the equations of motion 


parallel to x-axis 

d 2 x 

m 


or 


dt 2 
d?x 
dl 2 


=0 


= 0 


Integrating, we get : 

dx 


When t=0, 


dt 

dx 

dl 


— c 


= u cos a. 


c l = u cos a 


-whence 


dx 

dt 


= u cos a 


(I) 


Integrating again, 

x = u cos a . t -t - Co- 

But when t = 0, particle is at 
the origin, i.e., x = 0. 

q — O’ 

x = u cos a t. ...(H) 


parallel to y-axis 

d 2 y 


<Vy 

dl 2 


= — 9 


= —gt + c 3- 


When < = 0. 


Integrating, we get : 

<ijL 

dt 

djL 
dt 

c 3 =u sin a 


= u sin a. 


whence 


dt 


= u sin a —gt 

...(III)- 

Integrating again, 

y=u sin a . t — J<7< 2 + C v 

But when < = 0, y = 0. 

Hence c 4 = 0. 

y = u sin a.t—igt 2 - 

...(IV) 


^ .._ c /T\ /TV) it is clear that the velocity and 

From equations (I) — « 1S t oucc be 

under a retardation g. 

Eliminating t from (II) and (IV), we get 

* g* 2 ...(V) 

y=* tan a- 2u • cOS 2 “ * 

This is the equation of the path of the projectile (or the 

trajectory). 

(V) may be rewritten as : 

. 2m* sin a cos a_ 2 m 2 cos* a 

*- g 9 

Making the left hand side a perfect square by add.ng 

to both sides, we get 


u* sin 2 a cos 2 a 


r 

(*- 


u 2 sin a cos 
9 




2 u 2 cos 2 a 
9 


O'- 


m* sin 2 


2<7 


“) 


...(VI) 
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which represents a parabola with 


( 


u" sin a cos a 


and 


la tits rectum = 



^ as Vertex ...(VII) 



...(VIII) 


Thus the path of the projectile inj vacuum is a parabola. 

5 32 Important results 

( 1 ) The time of flight T. It is the time taken by the 
particle in reaching/the horizontal plane through the point of 
projection. 

Since at A, y = 0 

putting y =0 in IV, Art. 5 31, 

0 = ?/ sin txt — 1 gt~. 


, ( u Se n 2d ur Street ) 
zg ’ zg / 


X o 



Rejecting t — 0, which is the 
time for O itself 

_ 2u sin a 


/ 

Y 


(2) Horizontal Range R. 

This is the horizontal distance 

__ OA described by the particle in 

horizontal RahgeR AX the time of Uight. 

.*. R = \L cos a. T 

(From II, Art. 5‘31) 

u cos a. 2 m sin a 


0 


or 


R = 


u J sin 2 

g 


which is twice the abscissa of the vertex. 

R can also be obtained from (V) (Art. 5 31) by putting y = 0. 
(3) Maximum Horizontal Range. R is maximum if 

7T 


sin 2x — 1 


or 


if a = 


4 * 


a 

U“ 


the maximum range =—. 

S 


'(Panjab 1958 S) 
if the any}* of projection is 45°, the horizontal range is maxi - 


(-1) Directions of projection for a given horizontal range. 

(Punjab 1961 ) 

Since sin 2z=sin (tt — 2x)=sin 2 ( -2- 7 




m inn . 
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u~ sin 2a 
G 


u 2 sin 2^ —* y 


</ 

7t 


horizontal range = 

It follows, therefore, that the angles a and — * glVC lhe 

ran8C ’., ^o r a 9i „e» velocity of proje 

ZT^Tt^ltt i \iclinati&ri^of ZT'u-ith the - '»« ^ « 

" ,at of ^;t: r,so »*e -1^ for — 

range. times of flight corresponding to two 

(5). -Sum of squares of the Ulo times J Jt a ^ 

different directions of projiction for a given range is - (j • 


— 


P'or if a is one direction, the other is * 


If t x , t., be the times of flight ; then 

2u sin(-^- -a )^2 m 

G 


h = 


2 u sin a 


Whence 



and 1 2 = 


cos -x 

G 


4 o 

U“ 


(6 ) Greatest height. At the highest point the vertical compo¬ 
nent Ipf velocity vanishes. 

sing HI of Art. 5 31 ; when 


dy n t u sm « 

dt = °’ G 


and from IV, 


•> • o _ 

SI 11“ fi 


u sin a \ _ 

y — u sin a.- ~FT 'J ..2 


G 


G 


u 2 sin 2 a 


2 G 


The same result could also be obtained by considering that 
greatest height =ordinatc of the vertex 


u 2 sin 2 a 


2 G 

(7) Hei^t of the directrix ^ ^ vcrte x + \ latus rectum 

m 2 sin 2 « 1 2 u 2 cos 2 a_ui 


+ “ 


G 


2 g 


2 G ' 4 

which is independent of a, the angle of projection. „ ie 

Hence all trajectories having the same point of projection 

same initial velocity have a common directrix. 
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It also follows from the result that the height of the directrix is 
'the same as the height attained by the particle if projected vertically 
upwards with the same velocity. 

(8) Focus of the Path. 

As found in Example 2 of Art. 5 21, 

_ . /u 2 sin 2a u 2 cos 2a\ 

Focus - 


(9) For^the maximum horizontal range, 
/ a = 45°. 

^fne co ordinates of the focus are 


(£■») 


V2 g J 

which shows that the focus lies on the horizontal line through the 
point of projection. 

(10) The co-ordinates of the focus are 


x — 


« 2 sin 2a 


y— — 


Eliminating a, wc get 


u 2 cos 2a 

2 g 


o * •> ” 

x - 4 rr = — 

4 f/- 

which represents a circle. 

Hence the locusof the focus for different directions of projection is 
a circle having the point of projection as its centre. 

H Since the horizontal and vertical components of velocity 
v of piojec tion arc V cos a and V sin a and if we denote them by it 
and v ; m —V cos a ; r = V sin a. 

.. Height of Focus above the horizontal through the point of 
projection 

V 2 cos 2x 

2 g 

V 2 sin 2 a-V 2 cos 2 a 


v- _ n- 


( P.U . 1958) 


K • V 

(12) /Vertex of the Path is given by 


n- sin a cos a 


> y= 


o • n 

n- sin- a 


If velocity a is given and particles are thrown in different direc¬ 
tion, i.e., a is variable, then locus of vertices of different paths got by 

eliminating a, is .r 2 + 4i/ 2 -= y which is an Ellipse. (P.U. 1958) 

Ex. Show that the path of a projectile in vacuum is a para¬ 
bola if it be projected with a velocity at an angle a to the hori¬ 
zontal. Find the horizontal range and the time of flight. (J. d: K) 
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A particle is projected with a velocity u at an angle a with 
the horizontal. Find the greatest height attained by it and show that 
for a given range, there are two directions of projections. (J. cL- Ji.) 

Ex. 3. A \ lb. pebble is projected with a velocity of 100 f.p.s. at 
<in angle of 60° unth the horizon . find at the end of 2 seconds : 

(i) the horizontal and vertical distance* of the projectile from the 
point of projection. 

(ii) the resultant velocity of the stone in magnitude and 

Here m= 100 f.p.s. ; a = 60 . . 

The horizontal and vertical components of velocity after time t 

are given by 

-(I) 


and 


dx 

dt 

dy 

dt 


= u cos a = 50 


= u sin a — gt = 50 \/3 32 1. 


...(H) 


The displacements in the horizontal and vertical directions are 


...(HI) 

...(IV) 


x=u cos a . t=50t 

anc j y = u sin a . t — \gt~ = 50\/3 t 16«“. 

(t) We get x and y for < = 2, from (III) and (IV) as 

x=100 ft. and y = (100 \/3 — G4) ft. 

(ii) IfV be the velocity at t = 2, making angle 0 with the 
horizontal, 

V cos 0 = 50 

V sin 0 = 50 \/ 3 — 32 X 2 = 50 v / 3 — 04. 

. V = 4 V 881 —400 v 3 = 4\ ' 100 2 f.p.s. 

50 v/ 3-64 25v/3 —32 

tanO— 5Q — 25 

0 = 24° 19' nearly. 

Ex. 4. A projectile is to have a range R on the horizontal and 
to reach a maximum height h. Find the time of flight, the initial vc ocity 
• and elevation. 


Also find the maximum range. 

Let u be the velocity and a the angle of projection. 

2u 2 sin a cos a 


Then 


( J 

u 2 sin 2 a 


= R 


=h 


From (II), 
Whence from (I), 


2 g _ 

u sin a = V 2 gh 


u cos a = 


r/R 


R y/g 


V2gh 2 y/2h 


(PU.) 

...(I) 

...(II) 

...(III) 

...(IV) 
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Squaring and adding (III) and (TV) 

sR 2 ' o„ / , , R 2 y 




16 hJ 


Dividing (III) by (IV), we get 

4h „ , /4A. \ 

tan a=-j^- or a=tan * J 


Also 


_ 2m sin a _ 2 


V 


R 

2fc 

2 * 


Also Maximum range with the above valocity 


u 


R 2 


= —— =2hA- nJ 

G 8/i 

. 5. Two particles are projected from the same point in the 
same vertical plane with equal velocities. If t, t' be the times taken 
to reach the other common point of their paths and T , T', the times to 
the highest point, show that tT -j-f'T 7 ' is independent of the •^directions of 
projection. {Raj. 1955 ; Alldhabad 1955) 

Let a, a' be the angles of projection. At the common point, 
if the horizontal distance is x / 


then 


x = u cos at =u cos at'. 
rp_ M sin « 


Also 


and 


T' = 


// 

u sin a 


tT -f-//T'= — 


9 

x 


u cos a 


u sin a 

a 


+ 


u cos a 


u sin a 
0 


and 


x (tan a-}-tan a') 

...(I) 


of the paths are 


<7.r 2 sec 2 a 
lf— x tan a- 

...(H) 

, gx 2 sec 2 a' 
y=x tan a-' 

...(III) 


Solving (II) and (III), to get their point of intersection ( x, y) t 


we get 


or 


ax- 0 9 

.r(tan a —tan a')=;—, (sec 2 a —sec 2 a') 

= .T~-» (tan 3 a —tan 2 a') 
lu~ 

x . , , v 2« 2 

— ( tan x-j- tan a )= - T 


...(IV) 


From (I) and (IV) 
ri'-f f'T' = 


2 m 2 


•J 


wlurh is independent of the directions of projection. 
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*** 6. A gun is fired from a moving platform and the ranges of 
the shot are observed to be Rand S when the platform is moving for¬ 
wards and backwards respectively with velocity V ; prove that the angle 

■of projection is 

ian-rf-JL (. PX7 .) 

^ dV z ' R + S ) 

Let u be the velocity of projection of the shot relative to the 
gun and a the angle of projection. 

When the platform is moving forwards, the horizontal compo¬ 
nent of the velocity is u cos a + V and when it is moving backwards 
the horizontal component is u cos a — V. The vertical componen 1 
both the cases is unaltered and is equal to u sin a. 

2 vertical velocity X horizontal velocity 

NOW R =-- g — 


.and 


2 (u cos a-t-V) . u sin « 

= 9 

2 (u cos a — V) u sin a 


S = 


...( 1 ) 

...( 2 ) 


g 


From (1) and (2), by adding and subtracting, 

„ _ 4 u sin a 

R + S= — 


u cos a 


R —S = 


9 

4 u sin a 


. V 


...(3) 

...(4) 


g 


Squaring (4) and dividing by (3), we get 
(R —S) 2 16 u- sin a 2 . V 2 


9 


R + S 


9 


4 u 2 sin a cos a 


4 V 2 


tan a = 


g tan a 

9 (R-S) 2 


4V* 


R4S 


= tan -1 (-%. 


(R —S) 2 


-) 


k 4 V 2 * R + S 

Exercise V A 

1. What is the least velocity of F ro J ection requird to obtain a 
horizontal range of 200 ft., and what will be the time of flight ? 

2. '“TCbody is projected at such an angle that the horizontal 
r*nge is three times the greatest height. Find the angle of projection, 
and if, with this angle the range is 400 yards, find the necessary 
velocity of projection and the tirne of flight. 

3. Prove that if thejiffie of flight of a bullet over a horizontal 
range R is T second, thenclinaticfn of the direction of projection to 

the horizont •* -*- 


VUL') 

V. 2R / 


( P.U . 1003) 
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t- 

vy 


4. A particle is projected at an angle of elevation sin 1 and 
its range on the horizontal plane is 4 miles, find the velocity of 
projection and the velocity at the highest point of its path. 

5. A pilot is flying with a speed of 90 miles per hour at a 
height of 576 feet. Neglecting air resistance find how far from his- 
target must he release a bomb in order that it may hit the targ^-^^ 


6. If the focus of a trajecJ/Jry 
plane through the point of 

that the angle of projeA^iorvls sin 


es as much below the horizontal- 
as the vertex is above, prove 

1 (y73> l™* 


yectio 


A ball fes thrown from the top of a tower 200 ft. high with 
a velocity of 80 ft./sec. at an elevation of 30° above the horizon. 


Find the horizontal distance from the foot of the tower of the point 
where it hits the ground. (P.17.)- 

8. I f * be the time in which a projectile reaches a point P in 
its path and V the time from P till it reaches the horizontal plate 
through the point of projection, show that the height of P above the 
horizontal plane is A gW. 

9. («) A particle has initially a velocity whose horizontal and 
vertical components are v -and v respectively. If R is the range and 
h the greatest height attained shbw that 

v " and 

yR u a \ u J 


a 


(b) If r be the horizontal range of a projectile and h its greatest 
height, prove that the initial speed is 2g ^ + {J- & P\) 


10. Obtain thr'cquatioiV of the path of a projectile and stow 
that it may be written in the form : ) 

V R _ W 


/ 


= tan a, 


a(,R —.r) 

where R is the horizontal range, and a the angle of projection. 


Deduce that the greatest height attained by the projectile 
i s and that this occurs half-way. ( P.U.)> 


4 


11. If any number of particles are projected simultaneously 
from the same point with equal velocities in the same vertical plane, 
pro\ e that at any instant all the particles will be on a circle of radius 

nt. 


Show also that the centre of the circle descends with accelera¬ 
tion g. (^ ■> 


/VJ 
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12. Particles are projected simultaneously in the same vertical' 
plane from the same point. Show that the locus of the foci of all 
the trajectories is a parabola when 

(*) the horizontal component of the velocity for each is the 

same ; 

(it) the initial vertical component of the velocity is the same ; 
(Hi) the time of flight for each ii the same. 

13. The range of a rifle bullet is 1200 yards when a is the 
elevation of projection. Show that if the rifle is fired from a car 
travelling at 10 miles/hour towards the target, the range will be in¬ 
creased by 220\/tan a feet. 

. 14. A shell bursts on contact with the ground and pieces from 

it fly in all directions with all velocities upto 80 ft. per second. Show 

that a man 100 feet away is in danger for ■ ^ - seconds. ( P.U. 1966) 


5‘4 Velocity at time t. 

Let V be the velocity of the particle at time t. Let the direction 
of the velocity (or the direction of 
the tangent) make an angle 0 with 
the horizontal. Then 

Vcos0=^=Mcosa ...(1) 


and V 


dt 

. a d v 

sin Q=—- =u sin a —gt 


...( 2 ) 

Dividing (2) by (1), we get 


tan 0 = 



u cos a 

which gives the direction of the velocity. 

Squaring and adding (1) and (2), 

V 2 = u 2 cos 2 ct + (u sin a — gt) 2 
= u 2 — 2 u sin a gt-\-gH 2 
= u 2 — 2g (u sin a t—\ gt 2 ) 

==u 2 —2gy ; y being the ordinate of P. 

= 2 g (height of the directrix — ordinate of P) 

= 2 g (height of the directrix above P) 

Hence tJve magnitude of the velocity at any point is the same as 
would be acquired in falling freely a vertical distance equal to the depth 
of the point below the directrix. (P.U.). 
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5 41 Change in the Direction of Motion of a Projectile 

Let u be the initial velocity acting along OM ; the tangent at 

O. Let the velocity v , at P, 
along the tangent PT, meet u 
at K. 

Let be the angle through 
which the direction of motion turns 
in time t, then Z.MKP=f 

T Obviously a—0 ...(I) 

Let u, v be represented on a 
certain scale by KM and KL ; then 

AiL, represents, by the Triangle 
Law of Velocities, the Velocity 
which compounded with u, gives 
the resultant v. 

Since gravity is the only force 
acting during the motion of a 
Projectile, the change produced 
by the acceleration due to gravity (g) in time t is gt in the vertically 
downward direction. 

Hence ML represents gt and is vertical. 

Thus, /_OML = 90° — a, 
so that /_ KLM = 90° + a — <f>. 

Since u, gt, v are represented by the sides of the /S KML : 

«■ (Jt v 

KM ” ML — KL* 



Whence by sine formula. 


.(II) 


sin (90 J -f-a — <£) “sin <f> “ sin (90°—a) 
u 'if v 

or - , -Tr=-^— 7 =- ..-(II) 

cos (a — <p ) sin ^ cos a 

5 42 Results. (1) the change in the direction of motion in 
t is given by 

i 0 f cos a /TTTX 


sin (f> — 


...(III) 


(2) if) is also given by 

gt cos (a — tf>) = u sin <f> 

gt cos <f> cos a.-\-gt sin <f> sin u = u sin 

. at cos a 

tan d> = —-- : - 

u —gt sin a 
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(3) If <f> — 90°, i.e. y the velocity is perpendicular to its original 
direction, we get from (IV), tan >oo. 


or from (II), 


giving again, 


u—gl sin a —0 or t== 

u 


u 


g sin a 

a* 


cos (a— 90 )~ sin 90 

u 


t = 


g sin a 


...(V) 


Thus, aft'r the t im°. 


u 


—, the projectile will he moving »er- 
g Sin a J 1 

pendicular to its original direction of motion. ( P.U.) 

Ex. 7. A stone is projected with a velocity of 100 f.p s. at an 
elevation of 30* from a tower 130 ft. high. Find (a) the point when it 
strikes Ike horizontal through the foot of tower (A) the velocity on striking 


the ground. 

.Let AT be the tower. 

Taking the horizontal and the verti¬ 
cal lines through T the top of the tower 
as axes the equation of the trajectory is 

gx- 


(P.U.) 


y=x lan 30’ — 

_ x 4,r 2 

V '~ v 3 ~l075" 


20000 cos 2 30 


...(I) 


Equation of AM, referred to TX 
TY as axes is y — — 150. ...(II) 

Solving (I) and (II) to get x, we have -150 = 



V3 


4x 2 

1075 


wru 375 v/3 

Whence we get ar= --- or 250-^3 giving AM = 250v/3 ft 

V 3 


x=u cos cc.t=100x t = 50 v /3 t 


Or thus, 

y = u sin at — J gt* = 50t— 16< 2 . 
To get t, put y = — 150, whence — 150 = 50* — 1 Gl 2 
giving *= —V, 5 ; hence 1 = 5 see. 

Correspondingly, AM = *=50v/3 x 5 = 250 v /3 ft. 


• • 


Further 


dx 
dt 
dy 


= u cos a = 50 v / 3. 


ir = u sin a— gt = 50 — 32x5 = — 110 
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V = 


tan 0 = 


-y^)’ 


dt 

— 110 11 


And v — 50 v /3“" _ 5 v /3 

Also, we could get, W 2 =u 2 — 2gy= 100 2 — 2 X 32 X (— 150) 

= 19600. 

V = 140 f.p.s. as before. 

Ex. 8. A body is projected at an angle of elevation a with a 
velocity of 32 f.p.s. In what time will the direction of motion be 4a ? 

( P.U . 1949 S) 


Sol. By Result IV of Art. 5 - 42 



tan tf> = 


gt cos a 


Since 


u—gt sin a 

4> = cl —a/2 = a/2, 
a 32£ cos a 

tan T = 32 —32 1 sin“a 

t cos a 


1 —t sin a 


2 


sin a = t cos a 


tan 


giving 




a 

2 


a 


tan sin a-|-cos a 


a 

tan -- 


Z sin 


a 

~ 


a 

cos — 


sin 


cos 


a 


a 


4-1 -2 sin* 


tan 


a 


seconds 


Exercise V (B) 

1. A particle is projected under gravity with a velocity 
1 ft./sec. at an angle of elevation 30 3 . Find its speed (a) after half 
a second, ( 6 ; at the highest point of the path, (c) at a height of 
15 ft. 

Find also the interval of time between two points at which the 
particle has the same speed of 56 ft./sec. 
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2. A particle is projected from a point O in a vertical plane. 
If, after one second of its projection, it has a velocity of 96 f.p.s in a 
direction making an angle of 45° with the horizontal, find the time of 
flight and the range on the horizontal plane through O. 

(P.U. B.Sc., I960) 


3. Two seconds after its projection, a proje :tile is travelling in 
a direction inclined at 30° to the horizon, after one more second it is 



other common point is 

2 nv sin (a — P) 

g(u cos a-f-v cos P) 


6 . At any instant a projectile is moving with a velocity u in a 
direction making an angle a to the horizon. After a certain interval t 
the direction of its path makes an angle p with the^htfrizdntal. Prove 
that 

0 


u cos a = 


tan a — tan p 


Prove also that the direction of motion turns through an angle 0 

a ftcr a time —-- and that the direction of the motion will be 

g cos (0 — a) 

at right angles to the former direction after a time 

u 


■ —• 

(j sin a 

7. A particle is projected with velocity V and elevation 


tx 


( 


71 

T 


^ from a point O situated at a height 


plane. If the particle is moving at r\ 
it hits the plane after time t, show t' 

(0 *= v 


iii) h = 


g sin a 
V 2 cos 2a 



2 <7 sin 2 a 


h above a horizontal 
to its direction when 
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5‘5 Direction of projection to hit a given point. 

The equation of the path is 

y=x tan a——* -...(I) 

Let the particle be required to- 
hit the point P(a, 6). 

ga 2 

Then b=a tan a — 



2u 2 cos 2 a 


=a tan a—1“ 2 ( 1 + tan2 a > 


2u 2 /> 

j/a 2 


...(H) 


1 his is quadratic equation in tan a ana tnus gives two vaiue^ 
of tan a. We, therefore, get two directions of projection to hit the 
point ( a , b). 


or 

or 

or 

or 

or 

or 


The roots of (II) are real if 

( — / >4 ( ) 

\ga J \ ga 1 / 

4n 4 ^4g(ga 2 + 2u 2 b) 
4u 4 -f- 2 u 2 gb 

« 1 -2 u-gb + gHr- >r/ 2 a 2 

(u*-gb)*^g-{a * + b*) 
u 2 — gb^g \/a 2 -+ //- 


«*>(/(&+ Va 2 + &-) 

Hence the least value of the velocity of projection, u to hit a 
given point (rr, A) is given by 

n*=g{b+ V'rT 7 T^'-)=J7(LP + OP) (P.^.> 

5 51 To dis'xss the case alien 


« a ^{* + (PC/) 

When tt 2 ;> g\J> -f- v 

the roots of (II) (Art. 5 5) are real and different. Thus there are 2 
distinct values ot tan x and hence of a, corresponding to which there 
arc 2 paths of the projectile to pass 
through P(a, b). In one case it passes 
through P and then rises to the maxi¬ 
mum height, while in the other it rises 
to the maximum height first and then 
passes through P. ’1 he two paths coin¬ 
cide when « a = ff[6 -h %/ n--! //-]. If how¬ 
ever, u*<.Q\l»+ V« 2 -l-// 2 ] the roots of 
(II) arc imaginary that is, the particle 
cannot pass through the point P(a, b) if 

v 2 <a (M- \/« 2 + *> 2 ). 
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tions 


5-52 Times to pass through a given point. 

The position of the particle after time t is give by the equa- 

X=u COS Ct-t 

y = u sin at — \ ( jt~- 

If the particle passes through the point (a, b ), 

_ _ - — # ' 


a — u cos a t 


( 1 ) 


or 


b = u 5in x - \gt~- 

The second equation can be written as 

b + ±gt* = u sin at 

Squaring and adding (1) and (2), 
a *+(fc + 4gl*)* = *A* 

qH x + 4 (gb — u*)t 2 + 4(" 2 + b 2 ) = 0. 


...( 2 ) 


This is a quadratic equation in C- and gives two roots. Let 
and f a * be it? roots. 

t . 2/ 2 _4(a 2 -j-// 2 ) 

Product of the roots = r! i» — 

4r 2 . 

" <T 

r being the distance of the point (a, b) from the point of projection 

2r _2C>P (3) (£ > f/. ; P.f/.) 








■which shows that the product of the two limes of transits through the point 
is independent of the velocity of projection. 

Now the time. t. taken by a particle in falling vertically from 

rest through a distance r is given by 


\<jt 2 


or 


,,_ 2r 2QP 


...(4) 


TTw^rr. and (4) it follows that the product of the two times of 

transit a projectile through a given point is equaltothe square of the. 
lime taken to fall from rest through a vertical height r(- )• 

Ex. 9. A cricket ball, thrown from a height of 0 ft. at an 

of 30° with the horizon, with a speed oj 00 f ** cau 'j 1 t \iere the 
fieldman at a height of 2 ft. from the ground. How far apart ^ ^ 

two men ? 
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Taking the point of projection O, as origin and the horizontal 

and vertical through O as 
axes ; the equation of the 


60 f.p.s. 



path of ball is 

v=x tan 30° 




2 X 60 2 X cos 2 30’ 
x 4Z 2 


or 


y~~77T — 


v/3 675* 


••(I) 


Let the point P where 
the ball is caught be at a dis¬ 
tance of d from O, then P =(</, —4). 

P is on the path (I) 

, d 4 d~ . . , _ _ , „ _ 

~ 4== ^73 _ — 675" ’ S lvin S «=60v'3 ft. 

Or thus :— 

x—u cos a.^ = 30v/3 t 
y=u sin a.t — %gt 2 = 301 —16< 2 . 

Where the ball is caught, y= — 4. 

— 4 = 30 t — 16/ 2 , giving t = 2 sec. 
whence .r=30 v/3 x 2 = 60 \/3 feet. 

Ex. 10. A ball is projected from a point on the ground distant 
a from the foot of a vertictil wall of height b, the velocity of projection 
being l at an angle a to the horizontal. Find how high above the wall 
the ball passes it. If the ball just clears the wall, prove that the 
greatest height reached is 

• H^na-< 7)• (Kharagpur, 1958) 

Let PQ,be the wall. Let the ball pass at a height c above Q, 
so that QR = c. 

The equation of the path is 


y—x tan a — £ 


(/-* 


.2 


V 2 cos 2 a* 

1 he point R (a, 6-f c) lies on it. 

b '■ c — a tan a —| r ga . 

V- cos 2 a 

c=a tan a— _ 

“V- cos 2 a 

If the ball just clears the wall, c = 0 

ga* 



— b. 


a tan a — L~ 7 i r ~~~ g -6 = 0. 

V- cos 2 a 



Ill 


ga- 


or 


or 


a tan a-6 — * v2 cqs2 a 


V 2 = 


ga 


The greatest height reached = 2*7 


2 cos 2 a(a tan a —6) * 
V 2 sin 2 a 


sin 2 a 


ga- 


2g 


2 cos 2 a(a tan a—6) 


a 2 tan 2 a 


4(a tan ct. — b) 

. , • . . t nnale a to </te horizontal, so as 

Ex. 11. -4 fcod?/ . j. t a distance 2a from each other, 

to clear two walls of equal height a a J ^ pJJ jg55 S) 

Show that the range is equal to 2a cot % 

The equation of the path is 


y=x tan a — 


1 . 


g x 


2 u £ COS- a 
It clears the wall of height a at a distance x 


a=x tan a = 


1 gx _ 

u 2 cos 2 a 


gx 2 —2u 2 sin a cos a. + 2au 2 cos 2 a—0 

„ T r and x a be its roots. Then 
which is a quadratic equation in rr. Let x 

2m 2 sin a cos <* __ 1? t he horizontal range 
*1 +* 2 =-„ 


u z = 


g 

g* 


Also 


x l x 2 = 


2 sin a cos a 
2 au 2 cos 2 * 


9 


or 


The distance between the walls is 

2a=x 2 —x l 

4a 2 = (x 2 +x x ) 2 —4^3*2 

8 au 2 cos 2 a 


= R 2 — 


= R 2 


g 

8a cos 2 a 




2 sin a cos a 


or 


R = 


R2— 4a cot a . R — 4a 2 =0 _ 

4„Trot oc4 V 16o 2 coi 2 ~a+~lb«I~ rejecting the 
__ * ---- 9 _ 


=2a cot a-t"2a cosec a 
cos a +1 


2a 


sin a 



=2 a . 


0 . <x a 
2 sin -rj- cos 

- a 

= 2a cot . 

. . Exercise V (C) 

1. A body, thrown in a direction making an angle of 30°, with 

the horizon passes .through a point 400 \/3 ft. horizontally from the 
point of projection and 76 ft. above it. Find the velocity of projec¬ 
tion. . ( PU .) 

2. A particle is projected from a point A with a speed of 

8 f.p.s. Determine the directions of projection for which it will pass 
through a point whose height above A is 6 inches and whose hori¬ 
zontal distance from A is one foot. ( PXJ .) 

3. A jet of water from a nozzle at ground level clears a wall 

12 fc. high and at horizontal distance 18 ft. from the nozzle and also 
the top of a house 32 ft. high and at 75 ft. horizontal distance from 
the nozzle. Find V and 0. (;P.U.) 

4. A particle is required to be projected with a given velocity 1 

and a certain angle ofc projection so that it just passes over the wall 
of a fort horizontally. If the wall be 64 fr. high and 192 ft. distant 
from the gun, find the angle and velocity of projection. {P.U.) 

5. From a point on the ground at a distance of x from the foot 

of a wall, a ball is thrown at an angle of 45°, which just clears the 
top of the wall and afterwards strikes the ground at a distance y on 
the other side. Find die height of the wall. - (JP.U.) 

6. A regular hexagon stands with one side on the ground and 
a particle is projected so as to graze its four upper vertices. Show 
that the velocity on reaching the ground is to its least velocity as 

V 31 : y/ 3. “ ; 

7. From the ground, a stone is rightly aimed and thrown at a 
crow sitting on a wall 31} ft. high. Just before being hit by the 
stone, the crow flies away horizontally with a velocity of 24 ft. per 
sec. Notwithstanding this, the stone, after rising 16'ft. higher, does 
hit him in its downward motion. Find the initial velocity of the stone. 

(PU.) 

8. How must a ball be projected from a height of 4 ft. so as 
just to clear a wall 13 ft. high distant 15 fr. in a horizontal direction 
and a ditch 5 ft. wide on the other side of the wall.^-'-'"'' (jP.U. 1964) 

9. A particle is projected with velocity'z v °G so that it just 
clears two walls of equal height a, which Wry^at a distance 2o from 
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•each other. Show that the latus rectum of the path is 2a and that 
the time of passing between the walls is 

2 

( Delhi, 1057 : Panjab, '56 ; Raj., '53) 

1ft A narticle is thrown over an isosceles right-angled triangle 

ABC, right-angled at B. from one end A of ,the Sorizant^ of pTojec- 
-and grazing the vertex B falls at C. (p.U. 106S S) 

lion is tan ^ - s t h r0 \vn over a triangle from one end of a 

base^ 0n if 1 « b ^nd^are^the'^ase^an'gVcs^^and'0 theang^e of projection, 

prove that tan o = tan a^tan 3- . , 

(DelhLyl0ff2 \ Roorkee, oJ ; 1 an jab t 6i ) 

5 6 Range on an inclip^d plane. 

Let a particle be ptojprfed wlh velocity « at elevatton a from 
a point O on a plane of inclination 
R on the line of greatest slope. Let 
the particle strike^he inclined plane 

.at P. ^ 

Then OP is the range on the 
inclined plane. Pet OP = r. 

Taking O as the origin and 
the horizontal and vertical lines 
through O as the axes of x and »/ 
respectively, the co-ordinates ol 

P are (r cos (3, r sin 3)- 

The equation of the path is 



y = x tan a ~ 


ax¬ 


il- cos 2 a 


or 


r sin (3 = r cos (3 tan <x— 2 u -, 
\ t/r cos 2 o tan a —sin (3 

•»_o _ i 

u £ cos- a 


f//- 2 cos'- 3 


cos'- a 




sin (a —3) 
cos a 

2m 2 sin (a — 3) cos a 


a cos- 3 


= __JL_[sin (2x-3) — sin P3* 

5 61 If the particle “projected down the plane then chang 
ing 3 to -3, V.e get OQ. range down the plane 

’ 1 XL 1 a\ i 


g cos 2 3 


[sin (2«4-3) + sin 
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and p being given, the range 


5’62 Maximum range, u 

varies with a. 

r is maximum when sin (2a—p) is maximum. 
i.e. when sin (2a—P) = l 

2a — P= 


or when 


...(A) 


or when 


TC P 
a = T- + 


4 ' 2 

This gives the direction of projection for the maximum range on 
the inclined plane and this maximum range 

■u 2 (1 —sin P) 
g cos 2 p 


u 


2 


£7(1 -1-sin P) 

5 63 (A) can also be written as 



TC 


a — ~~ a * 


Hence for the maximum range, the 
direction of projection must bisect the 
angle between the vertical and the inclined 
plane. 

5 64 Maximum range’down the 

plane 


g(l —sin p) 

5 65 Direction of projection for a* given range. 

Range up the inclined plane is 


u 


2 


r= Tcos=!3 0in<2«-P)-smfJ]. 


Now sin (2a — p) = sin [tc — (2a— P)] 

= sin [7C + 2P—2a) — p] 

= sin[2 (-|-+p- a ) —P] 
= sin (2a x —p). 


where 


71 


a i— ~ 2 ~ +P — 


.*. the directions a and a x ^ —fp— a^ give the same range. 


Again 


a - p= |—(f-+P-«) 


7Z ^ 


...(!> 


i 
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• the angle between one direction of projection and the inclin¬ 
ed plane Wangle® between the other direction of projection and the 

vertical'. 


From (l). 


£ 

2 


7 Z 


TC P 

T+T '* 1 


or 




7T 

T 


)- 


(JL 

U + 2 


)-«i* 


_ZL _j_JL being the direction for the maximum range, it follows 

that for a liven range the two directions of projection are such that 

they are equally inclined to the direction for the maximum ra g . 

5 66 Time of Flight. 

Let the particle hit the plane after time T. 

Then OL=horizontal [distance described by the particle m 

time T 
= u cos a . T 

Also OL =r cos P 

r cos p = w cos a . T 


T = 


r cos P 


-where r = 

u cos a v 


2u 2 sin (a —P ) cos a 


COS* P 


2 u sin (a —P )_ 
= a cos p 


5-67 Velocity at P. 

Let v be the velocity of the particle when it hits the plane. 

Then v 2 =u 2 — 2gy, where y = PL 

= u 2 — 2gr sin p. 

Let 0 be the angle which the direction at P makes with the 
horizontal. Then 

dy 


dt u sin <x —(f t 
tan 0 = -y- = u CQS ~ 


dt 

= tan a — 


S 7 


2u sin (a —p) 


u cos a * 0 cos p 

= tan a — 2(tan a —tan p) 

= 2 tan p —tan a. 
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5’68 Condition that the ‘particle may strike the plane at right 
angles. ^ / 

If th^particle strikes the plane at right angles then 

tan ( -J- + (3 ) = 2 tan £ —tan a 

or —cot p = 2 tan (3—tan a 

oj cot (3=tan a — 2 tan (3 

By adding tan a to both 
sides and simplifying, the requir¬ 
ed condition can be put in the 
form 

cot (3=2 tan (a—£). 

5'7 Alternative Method. 

Let OQ, be a line in the vertical plane perpendicular to OP. 
Then 

component of ?/ along OP 

— u cos (a — (3) 
component of u along OQ, 

—u sin (a— (3) 
component of g along OP 

= — V sin (3 

component of g along OQ, 

= —g cos (3. 

5 71 To find the time of flighty we consider the motion perpen¬ 
dicular to OP. 




When the particle strikes the plane, its distance perpendicular 
to the plane is zero. 

0=j* sin (a — (3) . T—!{/ cos (3 . T 2 
. 2 1 / sin (a-—(3) 

~ g cos p 

5 72 To find the range on the inclined plan-, we consider the 
motion along OP. If r be the range and T the time cf flight, then 

r—u cos (a — (3)T— \g sin [3.T 2 

2u sin (* — 1 


= u cos (a — (3) . 


g cos (3 


— ^ 9 sin (3 


4 u 2 sin 2 (a — ft) 
* g 2 cos 2 (3 


sin_(a P) s cos p— s in (a — £) sin (3] 

g cos- p 

^2 ^sin cos a as beforc 

g cos- (3 
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5 73 Condition that the particle may strike the' ^ 
angles, we consider the motion along the plane. In this case the 

velocity along the plane at time T is zero. 

0 =u cos (a—p )—0 sm 

2 u sin (a — ft) 
g cos (i 

cot p = 2 tan (a -P), as before. 


or 

or 


u cos (a — $)=g sin p 


5-74 Condition that the particle may strike the plane horizontally. 


vertex ; so that 


r cos (S = 


u 1 sin a cos a 
U 


2««sin(q-P )cos«^ „ sin a cos a 
g cos- p y 

2 sin (a —P) = sin a . cos P 
sin a . cos p = 2 cos a sin P 
tan a = 2 tan P- 



or 

or 
or 
or 

f.k , 2 „ . * 

,r * c " d ' 

range down the plane is maximum. ^ 2968) 

V~ -f“ ViVg- 

Let p be the inclination of the plane 
Maximum range up the plane 


u 


j7(l -j-sin p) 

Height of point of striking the plane 

1/2 . sinp=V 

J/( I 4-sin P) 

v ^=,u 2 — 2gh l 

u 2 sin p 

=“ 2 - 2 » -iu+ihTpT 


1 — sin P 
1 -psin p 


u 2 . 


Similarly 


v., 2 = 


1 -4- sin p 
1 —sin p 


u 


• • 




= u 4 


6r 


v x v z =U 
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Exercise V (D) 

1 The greatest range, with a given velocity of projection, on 
a horizontal plane is 300 metres. Find the greatest range up and 
down a plane inclined at 30 J to the horizon. 

2. A particle is projected with a velocity of 9000 ft./sec. at an 
elevation of 60° to the horizontal from the foot of a plane of incli¬ 
nation 30°. Find the range on the inclined plane and the time ol 

flight. - .... 

3 '-"Show that for a given velocity of projection, the maximum 
range down an inclined plane of inclinationif^is greater than that up 
the plane in the ratio 

1 4- sin « / I ( p.U.) 


1 —sin a 

/ 


4 Tf R is the maximum rixrfge on an inclined' pllne through 
the point of projection of a particle, and T the corresponding time of 

flight, show that f 




(Delhi, 1952) 



5 . A particle is projected with speed u so as tp^ptrike at right 
angles a plane through the point of projection inclined at 30° to the 
horizon. Show that the range on the inclined plane is 

4w 2 

V 

<>. The angular elevation of an enemy’s position on a ft. 

high is (J. Show that in order to shell it the initial velopity of the 
projectile must not he less than / 

y/(jh{ 1+cosec p) # \ 

7 . A particle is projected from a point in a vertical plane under 

the action of gravity. Show that the particle strikes an inclined plane 

of inclination p to the horizontal at a distance 

2 u(v cos p— u sin (i'scc 2 [i 

- , 

where u, v are the horizontal and vertical components of the velocity 
of projection. (P.U.) 

8 . A particle is projected with a velocity of 100 ft. per sec. 
from the foot of a plane in a direction making an angle of 45° with V 
the plane. Find the inclination of the plane if the particle strikes it 

at right angles. 

9. A particle projected with a velocity u from a point-on an 
inclined plane whose inclination to the horizon is a, strikes^at right 
angles. Show that the range of the particle on the inclines plane is 


n 


/ 




2m_* 

(/ 


sin a 

1 -*-3 sin 2 a 




y 


y 


i 



10. A shot is fired at an angle a to the horizontal up a hill of 
inclination to the horizontal. Show that it strikes the hill 

(а) horizontally if tan a = 2 tan (3. 

(б) normally if tan a = 2 tan (3-f-cot (L (PAJ., 1063) 

5-8 An Important Note. A wheel is rolling, without slipping, 
in a vertical plane, along a horizontal straight line, its centre having the 
speed a, to find the velocity of any point on its tirn. 

Let O be the centre, r the radius, A the lowest point in contact 

with the ground and B the highest 
point of the wheel. Let P be any 
point on the rim of the wheel. 

There being no slipping, each 
point of the rim touches the ground 
in succession and thus the time taken 
by the point P to describe the peri¬ 
meter of the wheel is the same as the 
time taken by the centre of the wheel 
to move a distance equal to the 
parameter. 

the velocity at any point P on the rim (relative to the centre) 

is equal to the velocity of the centre, i.e., u. Hence any point P on 
the rim possesses two velocities each equal to u, one along the tangent 
at P (relative to the centre), and the other along the horizontal line 
PM, equal to the velocity of the centre. 

jf POB = 0, then /_MPT=0. 

resultant of these two equal velocities 

angle 0 

0 

==2 u cos — 

(along PK, where PK bisects /.MPT) 

= 2 u cos /_ PAB 

„ AP 
~ 2u AB ' 

Obviously, PK is perpendicular to AP and if produced back- 
war d s it will pass through B. 

Two results : 

1. At B, 0=0 

from (1), velocity of B = 2u 

i.e., the highest point of the wheel moves with double the velocity of l he 
centre. 


u 


inclined at an 


...( 1 ) 
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2. At A, 


d—iz 


from (1), velocity of A=0 
i.e., the lowest ‘point is instantaneously at rest. 

Ex. 5. The radii of the front and hind wheels of a carriage are 
a and b and c is the distance between the axle-trees. A particle of mud 
driven from the highest point of the hind ivheel is observed to alight on 
the highest point of the front wheel. Show that the velocity of the 
carriage is 


V( 


(c + 6-o)(c+fl- b) 


4{b — a) 




Let v be the velocity of the carriage so that the velocity of the 

highest point of the hind 
wheel is 2v horizontally. 

Since the velocity of the 
carriage is v t the velocity of 
the mud particle relative to 
the carriage is v horizontally. 

When the mud falls on 
the highest point of the first 
wheel, the vertical distance travelled by the particle 

=AL—BM 
= 2 b — 2a 
= 2(b — a). 

The horizontal distance moved by the mud 

= OQ._ 

= \/ c~ — (b — a) 2 . 



Let us consider the vertical motion of the particle. If t be the 
time of flight, 

2 (b-a) = lgt* 

1 2 V'7' 

And for the horizontal motion, 


\/c- — (b — a)- — rt 


i.e., V [(c — b + a)(c-\-b — a)\ = v. 2/^/^—? 


which gives 


v = 


Vc 


9 


(c-\~b — rr)(c-f-« — b) 


) 


Miscellaneous Exercise V 

1. (<) Show that there arc two directions in which a particle 

may be projected with a given velocity u so as to have a given hori¬ 
zontal range. 
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that 


(it) If t ly t. z be the times of flights for the two paths, show 


*x* + *f = 


4 u 


2 


0 


[Art. 5 32 (5)] 


(tit) Show also that if the velocity of projection be increased, the 
range being unaltered, the shorter time of flight decreases and the 
longer time of flight increases. ( P.U ., 1961) 


2. A particle is projected at an elevation a and after t seconds 
it appears to have an elevation (3 as seen from the point of projection. 
Prove that the initial velocity was 

gt cos 3 

sin (a — P) 

(Vikram, 1959 ; Agra, 1958 , 54) 


3. A particle is projected with 
Prove that if li<^— the particle 

after a time 


velocity 
will be 


after being at 



a/ u- sin- a — 2 gh 


the same height the first time. 


u at an elevation a. 
again at a height h 

o o 


4 . If a be the angle between the tangent at the extremities of 
any arc of a parabolic path, v, v x the velocities at these extremities 
and u their horizontal component, show that the time of describing 
the arc is 

v v t sin a 
gu 

5. A cannon fires its projectile with such an initial velocity and 
at such i n angle of elevation that the range /• and the maximum 
height to which the particle rises is h Find the maximum range 
which can be obtained with the same initial velocity. 

(P.U. B Sc. 1961 S) 

6. A particle is projected at an angle a with the horizontal 
from the foot of a plane whose inclination to the horizontal is [3. Show 
that it will strike the plane at right angles if 

cot p-=2 tan (a —p). (Delhi, 1956) 


7. A vertical post subtends an angle a at a point A in the 
same horizontal plane as the foot of the post. Two particles are 
projected at the same instant from A, in directions making angles 
(), and 0 2 with the horizontal, so that the former strikes the top of the 
post at the same moment that the latter strikes the bottom of the post. 
Prove that 


tan 0 A — tan 0^ = 1311 a. 
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8- A shot projected with velocity v can just reach a certain 
point on the horizontal plane through the point of projection. Show 
that, in order to hit a mark h feet above the ground at the same 
point, if the shot is projected at the same elevation, the velocity or 
projection must be increased to 




9. A ball is projected so as just to clear two walls, the first 
of height a at distance b from the point of projection and the second 
of height b at a distance a from the point of projection. Show that 
the range on a horizontal plane is 

a 2 -+-ab-\-b 2 
a-{-b 

and that the angle of projection exceeds tan -1 3. 


10. Two particles are projected simultaneously with the same 
speed V in the same vertical plane, but at different inclinations 0 2 , 0 2 . 
Prove that their velocities are parallel after a time 

0! — Go 
V cos ^2- 




sin 


0i +0 2 


11. Shots fned simultaneously from the top and bottom of a 
vertical clifT with elevations a and P respectively strike an object 
simultaneously at the same point. Show that if a is the horizontal 
distance of the object from the cliff, the height of the cliff is 

r/(tan £ — tan a). ( P.U. li)Gl S) 


12. Three particles are projected simultaneously in the same 
vertical plane from the same point ; one vertically, another at an ele¬ 
vation of f*0 and the third horizontally. If their velocities are in the 
ratio V '3 : 1 : 1 ; show that they always lie in a straight line. 

13. A triangle ABC, right-angled at C is placed in a vertical 
plane with AB horizontal and C uppermost. A particle fired from 
A passes exactly through C and B. Show that the angle G and the 
velocity of projection a are given by 

tan 0= and „. = !*£!+£!>, 

P 

where AR = c and p is the altitude of the triangle. 


14. A stone is projected with velocity V and elevation 0 from 
a poii t O on level ground so as to hit a mark P on a wall whose 
distance from O is a. the height of P above the ground being b. Prove 
that 

2V 2 (« sin 0 cos G — b cos 2 G )=gar. 
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Also prove that the requisite velocity of projection is least when 



where a is the elevation of P as seen from O. 


15. A particle is projected so as just to clear a wall of height 
b at a horizontal distance a. and to have a range c from the point of 
projection, show that velocity of projection V is given by 

2V 2 __ a 2 (e — a) 2 -\-b 2 c ~ 

g ab(c — a) 


16. A gun is firing from the sea level out to sea. It is then 
mounted in a battery h feet higher up and fired at the same elevation 
a. Show that the range is increased by 


f[( 


1 + ,2 


V -1 1 

sin- a / 


of itself, v being the velocity of projection. 


(P.U.) 


17. A stone is thrown in such a manner that it would just hit 
a bird at the top of a tree and afterwards reach a height double 
that of the tree ; if, at the moment of throwing the stone, the bird fly 
away horizontally, show that, notwithstanding this, the stone will hit 
the bird if its horizontal velocity be to that of the bird as (\/2-H) : 2. 

(Agra, 1950) 

18 A shell fired with velocity V at elevation 0, hits an airship 
at a height II which is moving horizontally away from the gun with 
velocity v, show that if 

(2V cos 0 —v)(V 2 sin 2 0 — 2 gll)- =rV sin 0, 

the shell must have hit the airship if the latter had remained station¬ 
ary in the position it occupied when gun was actually fired. 

(l’anjab lions.) 


19. The difference between the radii of the front and hind 
wheels of a carriage is d, and c is the distance between the axle- 
trees ; a particle of mud. driven from the highest point of the hind 
wheel falls on the highest (joint of the front wheel. Show that the 
velocity of the carriage is 


V (c-\-d)(c — <l)tj % 
4 d 


[See Solved Ex. 13] 


20. Show that in general there are two directions in which a 
particle may be projected with a giv- n velocity from a given point A 
so as to pass through another given point B. 

If t and be the times of flight from A to B and a the inclina¬ 
tion of AB to the horizontal, prove that sin ais indepen¬ 
dent of a. (Agra, 1955 ; Banaras, 55 ; Panjab lions.) 
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ANSWERS 


80 f.p.s. 


Exercise V (A), Page 101 
. 5V2 
* 2 


a=tan~ 1 f ; 77=200 f.p.s. ; T= 10 sec. 
w=80 \/ 110 f.p.s. ; 

Vel. at the highest point = 77 cos a=48 v/TTO f.p.s. 


792 ft. 

(t) Let u cos a 


x 2 = 


7. 200V3 feet. 

K, then the locus of the foci is 
2K 2 / K 2 \ 

C y+ 2^J’ and 


9 


etc. 


Exercise V (B), Page 106 

(a) v= 16V13 f.p.s. (6) V=32 v/ 3 f.p.s. (c) V' = 56 f.p.s. 

(«) 0=tan- 1 for v. (c) 0=tan-^-^ for V' ; -i- sec. 

T = (3v/2 + 2) sec. ; R = (278-f-96 y/2) feet. 
w = 64\/3 f.p.s., a = 60°. 


Exercise V (C), Page 112 
w= 177£ f.p.s. 2. x/4 and tan -1 3. 


tan 0 = 


1058 


v = 


1425 ’ 
ii — 32 V" 13 f.p.s. ; 


2 V 3149989x2 
15 19 

a = tan -i §. 


3L. 

77=10\/10; a = tan -1 3. 


7. 77=60 f.p.s. 


Exercise V (D), Page 118 

2000 m. and 6000 m. 

16875 feet ; T=32 5 sec. approx. 
tan -1 

Miscellaneous Exercise V, Page 120 




CHAPTER VI 

MOTION IN A HORIZONTAL CIRCLE 

6 1 Angular Velocity and Angular Acceleration : 

Let OX be a fixed axis in a plane with the fixed origin 

Suppose a particle P moves in a 
plane curve a, and the line joining 1 
to O makes angle 0 with OX, at any 
instant t. Then rate of change of 
angle 0 w.r.t. time is defined the 
“angular velocity ” of the particle P, 
about O (or of the line OP) while the 
rate of change of the angular velocity 
w.r.t. time is known as the “angular 
acceleration 

The Angular Velocity is generally denoted by o>. 

6 11 Expressions for the Angular Velocity and Angular 

Accel Dart i c ie P move in a plane curve a so that OP, the line 

joining it to the fixed origin rotates through an angle 0 (measured i 

radians) in time t. . . ,, 

Let it further rotate through an infinitesimally 

in an interval St ; then the average angular velocity 

80 

= l>t ’ 

As St-> 0, 80 also ->0, and the limiting value of 

SO SO 



small angle 80 


bt 


80 

Lt or 


8->0 


(It 


is defined as the angular velocity of P about O. 

(IQ 


Thu 


C> = 


(It 


Further, angular acceleration 


Also, 


dm 

~di 


(P _0 

dt* ' 

dm dQ d<» 

X --- = “ X 


d . . - - 


d 0 


dt 


do 


Hence, angular acceleration may be denoted by 


dm d~ 0 d a 

~dl or dt* or “ do 
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612 Angular Velocity and Angular Acceleration are independent 
of the choice of the Initial line. 

For if OX' is another line making angle a with OX ; then the 

angular velocity co' of P, about O, 
w.r.t. initial line OX' is 

4 (£X'OP) = -| <e+a) 

dt 

= CL>. 

Similarly for the Angular 
Acceleration. 



613 Units for Angular Velocity and Acceleration. 

dQ 

Since 0 is measured in radians, to or — 7 - is measured in radians 

at 

^•>0 

per second, while is measured in radians per second per second. 

Thus we may say that a flywheel is rotating with an angular 
velocity of 4 radians per second, so that 

o> = 4 radians/second or 4 rad./sec. 

If another wheel was rotating with 4 revolutions per second, 
then its angular velocity would be 8 tc rad./sec. 


angular velocity 
A velocity of r revolutions/min.= 


2 tzt 
60 


rad./sec. 


614 Motion with a constant Angular Acceleration. 

Suppose a particle or a wheel is rotating about a fixed centre, 
wiih a constant angular acceleration a (a rad./sec 2 .) 

Let us take the line joining the origin O to its initial position A 
(at the instant of the first observant ion) 
as the initial line. 

Let the angular velocity at A he 

...(I) 

1 he problem is to find the posi¬ 
tion and the angular velocity after a 
certain time 1. 

By definition : 

d'~Q (ho 
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Integrating we get 


Since 

whence 


or 


co = a.£-i-c 
co=to 0 when t= 0, 
to = to 0 -4-a.£ 

dd . „ t 


c=w 0 


...(II) 


or 


Integrating further, we get 

8 = a> 0 <-+- |a.t 2 + c' 

But when « = 0, particle was at A, i.e. 0 = 0. 

Hence 6 = o) 0 <-4-Ja.t 2 

Eliminating t from (II) and (III), we obtain 

e = (o' o +£x0 < = [<o 0 +|(^ — <"o)] a 

( 0’- = (0 o H2aO 


C>-Cl), 


Equation 

U nits 

(II) gives to in terms of t 

radians/second 

(III) „ 9 „ - 1 

radians 

(IV) ,, to ,, ,, ,, 0 

radians/sccond 


1. A flywheel is making 240 revolutions per minute ., and 
after half a minute it is makiruj 150 rev./min. How many revolution* 
itvill it make before earnin'/ to rest if the aru/ular retardation ts kept 
uniform ? What time would have elapsed before it comes to rest . 

240 x 2 tt „ , . 

(*) Here co 0 = - 60 — = « rad./sec. 

t = 30 sec., co= 15Q ^ Q 27r =5tc rad./sec. 

If a is the uniform angular retardation, then from 

Oi=^ CL.t 

we have, 

whence from to 2 = oj 0 2 + 2aO, we get 

0 z = (8tt) z — 2 (j^-) 0 

or 0 = 320 tt radians or 160 revolutions. 


5n = 87t + 30.a or a= — rad./sec 2 . 
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(ii) Also, t can be found from (II) or (III), 

co = cojj -f- a X 

< = 80 seconds. 

6 2 Relation between the Angular Velocity and Linear 
Velocity. ( P.U .) 

Let OX be the initial line and let v and a> be the linear velocity 

(which is always along the tangent) 
and the angular velocity respectively 
at any instant t. 

Let the tangent at P to the path 
of the particle, make an angle <f> with 
the radius vector OP. 

Then, gj, the angular velocity of 
P about O 

_ dO dO ds 

dt ds dt 



r = sin d> (Differential Calculus) ~| 
ds _} 


Resolved part of v J_ OP 


Ol 


(v /_ T PN = 90° — <f>) 


Cor 1 


If the path is a circle and O is at the centre 

OPj_PT 

so that «/» = n/2 always. 

'I hen, o>, the angular velocity of a point moving in a circle 

. , Res. part of v J_ OP 

about the centrc=- ! -Q-p——- 


?’ Sill 71 1 


Thus co 


r 


r 


ichetc r is the rod ins of the circle. 

6 21 Angular Velocity of a line moving in a plane. 

Let a moving line AB make an angle 0 with any fixed line 
XOX in the plane at any instant then 

-j— is defined as the angular velocity of 

the line AB. 


rot at 


Note : The angular velocity (of 
at ion) ol AB in the plane is inde¬ 


pendent of the choice of fixed axis 
XOX 
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6 22 Angular Velocity of the line joining two points 
moving in a plane. 

Let L and M be »he initial positions of two moving particles 
A and B a*d let their velocities u and v / ' 

make angles a and (3 with LM. ^ / 


'3 


Then, tu, the angular velocity of 
the line joining A, B or the angular 
velocity of B relative to A 


A 


U 

ht 


M 


comp, of vel. of B rela tive to A _ L to AB 
=- AB 

difference of vel. compone nts J_ LM 
=-AB 

u sin a — v sin ft 
= AB 

6 23 Cor. If AB remains constant (equal to a), then A must 
have the same velocity as B in the direction of AB, i.e. 

U COS OL = V COS (i 

V cos a 

or v== cos ft 

whence, the Angular Velocity of AB 

. u cos a . n 

u sin a- jr- ■ sin ft 

cos ft _ 


u sin (7 


AB 

P) 


a cos ft 

Ex 2. A BCD is a square of side 100 ft. A person P starts 

from A and walks towards B with a speed of 
4 f.p.s. At the same instant Q starts from Ji 
and walks towards C with a speed of 3 fP*- 
Show that the angular velocity of the straight 
line PQ, after t seconds from the instant oj 

starting is prZl^JoO ™diansfscc., and that 

( P.U.) 



p—321 + 400 
it is the greatest when PQ is 00 ft. 

After t seconds, 

AP = 4< 

BQ=3< 

PB = 100 — 4* 


...(H) 

...(III) 



Let PQ, make angle 0 with AB 

3 ( 


tan 0 = 


100 — 4( 


Differentiating w.r.t. t , 

dQ (100 — 40 • 3 —(30( —4) 


sec 2 0 . 


300 


dt 


-whence 


f/0 


CO 


(100 — 40* 
300 


(100—40 


dt (100—40 s 


cos 2 0 


300 


(100—4#)* X (30 2 + (100 — 4#)* 

12 

t 2 — 32t 4-400 


(100 — 40 


(it) Further, to is maximum, when 

t 2 —32(-j-400 = minimum 

i.c. (( 2 —32(4-400) = 0 and '((*—32(4-400)>0 

i.e. 2( = 32 or (=16 


For ( = 16, PB = 36, BQ= 48 

PQ= V PB 2 4-BQ 2 = 60 ft. 

Ex. 3. A point -moves -uniformly along a given straight line ; 

show that it* angular velocity about a fixed 
point varies inversely as the square of its 
distance from the fixed point. 

Let AB be the fixed line along 
which the particle moves. Let O be the 
fixed point and P be the position of the 
particle on the line AB at any time (. Let 
OL(sfl) be the perpendicular from O to 
the line AB. The point O and the line 
AB being fixed, a is constant. 

Let the linear velocity of P be v. 

Then angular velocity of P about O 

Velocity perpendicular to OP 

= Qp 



v cos 0 v a av 
OP "OP ‘ OP = OF 


which varies as 



Ex. 4. Tiro points are moving with uniform velocities u and v 
in perpendicular lines OX and OY, the motions being towards O. 
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If initially, their distances from the origin are a and b respectively, 
• calculate the angular velocity of the line joining them at the end of t secs. 

■ and show that 1 1 is greatest when 

t= au+bv . (P.J7.) 

U 2 ~i~v- 

Let A and B be the initial positions of the particles where 
•OA=a and OB=6. V 


IjCL ± dUU UU 

• of the particles afcer time t. Since 
the particles are moving with uni¬ 
form velociiies u and v, we have 

AP=u£ and BQ,= r<. 
OP=a — ut 
OQ,=6 — vt. 


and 



Let 0 be the angle that PQ, makes with OX. 
Then 


„ OQ b — vt 
tan ("- fl ) = oF = 77=15 


or 


tan 0 — — 


0 = tan - 1 


b — vt 
a — ut 
vt — b 


<X>= ~77 — 


(10 

(U 


a — ut 

1 


(a — ut) v — (vt — b)( — u) 


i+r l - h - y 

' \a — ut J 

(IV — bu 


(a — ut)* 


~ (a — ut) 2 -j- (vt — bj~ 

•<ji) f is greatest when (a — ul)*-\-(vt — b ) 2 is least. 

Let 


y is least if 


y = (a — ut) 2 -\-(vt —6) 2 
d JL = 2(a—ut)(-u) + 2(vt — b) . v 

d fr =° and -^ is posi,ive 

dy _ . . au-\-bv 

dt° glvcs - 2 


.and 




U 2 -f v 
0. 


, t dO . ■ 

y is minimum and hence —j is greatest 


when 


t = 


(au-\-bv) 
(u* v*) 
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Ex. 5. A point P is moving in a parabola with contant speed. 

Show that the angular velocity about the focus S varies as ( SP ) 2 * 

Let a particle move with constant velocity v in a parabola. 

The direction of v at any instant is 
along PT, the tangent at P. Let S be 
the focus and SX the axis. Join SP 
and draw PNJ_SP. 

Then o, the angular velocity 
about the focus (S) 

Resolved part of v along PN 
= SP 



v sin <f> 

= SP * 

The polar equation of the parabola, w.r.t. 
SX as initial line is 

= 1 — cos 0 
r 

1 l J 

r = -:-= ~7j~ co sec - -y 

1 —cos 0 2 2 

On differentiation, 

dr l J . 0 

_ "2" cosec-— ■ cot-g-- 

By division, from II and III, 

d0 0 

r dr “ tan 2 


...(I) 

S as the pole and 


or 


...(H) 


...(III) 


or 

whence 


f 0 / On 

tan <f>= —tan -y =tan' tt- - J 


0 = 


co 


. / 0 \ . \ 
v sin In - — ) v sin- 

Vf /- 1 


V 


r 


1 

to CC -3 

•» 
r ~ 


Exercise VI (A) 

1. Define angular velocity and acceleration. 

A point is moving in a circle. Show that at any instant its 
angular velocity about a point on the circumference is half its 
angular velocity about the centre. (PdJ.) 
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77 


radian per sec. 2 . 


2 A flywheel is making 150 revolutions per minute, and after 
30 secs it is turning at 60 revolutions per minute. How many resolu¬ 
tions will it make and what time will elapse before stopping if the 

retardation is uniform ? 

3 A wheel is moving with a uniform angular acceleration of 
7 t radians per second. How many revolutions per second will it be 
making at the end of one minute ? 

If the effort is taken off and if the frictional resistance of the 

bearings is equivalent to a uniform retardation of 
-when will the wheel come to rest ? 

comaJt^Ahe wheH with the* ground is equal to the an^eloc.^ 
of the wheel about it ccntie. 

5 A rod moves in a plane, so that its ends move in two per¬ 
pendicular grooves O A, OB. Show that the projection of any fixed 
point on OA (or OB) executes simple harmonic motion. 

6 Prove that the angular velocity of a projectile P about the 
focus I of hs path varies inversely as its distance from the focus S. 

7. A particle falls freely under gravity from a point,A at a 

. . i j- r „ O Find the angular velocity ol the 

horizontal distance of a liom U. 1 f | v „ m^im. m after 

line joining it to O, at any instant. Show that it is maximum alt 

a /'2a seconds and the particle has fallen a vertical distance • 

V 17V 3 

« A circular disc of radius a is free to turn round its centre 
in its own plane and a thin string is wound round its rim. If the 
free end A of the string is withdrawn along a radius with speed v, 
find the angular velocity of the disc when the distance of A fiom the 

centre is x. 

9 A particle moves along the perimeter of a regular n-gon 
• i ’•fir.rm \trw*<*d r If/* be the circumradius of the polygon, piove 

that*attach" corner^ of’^its angular points, the particle receives an 

(It) 1 

— , where 
r 

o, that the 


additional velocity towards the circumcircle, of magnitude 

susss. 3SS, tt .-Sfe’vj „ 

velocity of each tc.r.l. the other is v/r. 
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(b) Two particles are describing concentric circles of radii cr 
and b with angular' velocities co, «' respectively. Prove that the 
angular velocity of the line joining them when it is of length r is 

(r 2 4~« 2 — 6 2 )co-f-(r 2 — « 2 -j-6 2 )a>' 

2T 2 

( P.U. , 1961 ; Roorkee 1957). 

6*3 Expressions for Tangential and Normal Accelera* 
tion for Motion along a circle. 

Let a particle be moving in a circle of radius r and centre O. 

Let P be its position at time t and Q, its 
position at time t-\-St. Let Z.POQ==80‘ 
and arc PQ==Ss. 

Now velocity at time t along the 

tangent at P = u ...(I) 

and velocity at time along the 

tangent at 

Its resolved part along the tangent at 
P=(i>-fSt?) cos SO ...(II) 

change in velocity in time 8t along the tangent at P 

= (r + Si>) cos 50 — v ...(III) 

average rate of change of velocity along tangent at P 

(v + Sv) cos SO — v 
= dl 

tangential acceleration at P 

(v 4-Sr) cos SO — v 

S (-+D dl 






(»+*-) r > -^+.I— 

Jio -— 

(neglecting infinitesimals of higher orders) 
Sv dv d / ds \ d-s 
S/->o ^ dt \ dt ) dt 2 


Hence Tangential Acceleration = — 


dv d 2 s 

dt 01 dt^ 


or v 


dv 


(ti) Again, the velocity at time along the normal PO = 0. 

And, the resolved part of the velocity at time along the: 

normal PO = (r-j-8r) sin 60. 
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change in the velocity in time 8t along the normal at P 

= (r + Sv) sin 66 — 0 

average rate of change of velocity along the normal at P 

(v-i-Sv) sin 56 


normal acceleration at P 

_ ^ sin 66 


$/-*- 0 

6 1 


Lt 

(v -f- 8v) | 

_ 80 (56 > 
6 

Sr—>0 


8t 

dO 



dt 






= v. 


v 


r 


( .. v \ 

C • dT =i * = -) 


Hence Normal Acceleration = 


r 


or <o-r. 


(Delhi, 1057 ; P.U. 1007) 

6 31 Mechanical Significance of the Tagential and 
Normal Accelerations. 

The tangential component of acceleration changes the velocity 

in magnitude while the normal component changes the direction of the 

velocity so that if the tangential acceleration is zero, the particle 

moves with a constant %peed. But if the normal acceleration is zero 

the motion will take place along a straight line, it cannot move in a 
circle. 

The expression for the normal acceleration if the particle be 
moving along any curved path is — , where p is the radius of cur¬ 
vature of the path at P. 

. 6 32 # Another Method for obtaining the expression for 
acceleration when a particle moves in a circle with uniform 

s P eed (Delhi 1057 ; P.U. B.Sc. 1002) 

At any time f, let P be the position of the particle moving uni- 
lormly in a circle ol radius r and centre 
O. Let the co-ordinates of P be (x, y) 
referred to OX and OY as perpendi¬ 
cular axis. 


Then since the particle moves 
along the circle with uniform speed 

its angular velocity co ^ ^ about 

the centre O will also be uniform. 

Let the particle describe the angle 
AOP in time t. 


Y 


1 

N 

x 


9 fr,y) 
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Then 


ZAOP =tot. 

x=r cos c at 
dx 


dt 

(Px 

dP 


— — rco sin cut 


= — rco 2 cos cot 


dy 

dt 

(Py 

dP 


y = r sin at 


= — co~x 


...(I) 


Resultant acceleration at P = 


=V( 


= ra cos at 
= —rco 2 cos at 

= —a 2 y 


o 

= rcu- 


= r. 


..(id 


= ^i ...(in) 

r 

If 0 be the angle that the resultant acceleration makes with OX, 

then 

d 2 y ld 2 x 
tan Q= dP / dP 

= tan at 

Q=ivt= Z.AOP ...(IV) 

and since both components of the acceleration are negative, the 
acceleration must be along PO. 

6 33 A particle, describes a circle with constant angular velocity, 
to prove that the foot of the perpendicular from it on any diameter 
executes a simple harmonic motion. (* •b'., 1Jo4) 

Let P be the position of the particle at time t and L be the foot 





of the perpendicular from P on the 
diameter AB. 

Let r be the radius of the 
circle. Since the particle is moving 
with a constant angular velocity co 
(radians per second), the angle AOP 
described in time t = at radians. 

Let .r=OL=OP cos /.AOP 

= r cos cot 

dx . . 

— = —rco sin cot 
dt 

(co being constant) 


and 


<Px 

dP 


— —rco 2 cos at 


— — a-x 


which is the equation of simple harmonic motion, 
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6'34 Equations of Motion for a Circular 

When a particle of mass m moves along a circle of radius r ; 
then since the Tangential and Normal Accelerations are 


v 


dv 

ds 


v 


and-(or co 2 r) 


the Tangential and Normal force are 


mv 


dv 

ds 


and 


mv 


(or raco 2 r). 


In order that the particle must describe a circle of radius r, the 
force required to supply the normal acceleration 

v 2 . mv 2 

— is - 

r r 


or ?nro> 2 (measured in absolute units). This force, which acts towards 
the centre of the circle and known as centripetal force may b i produc¬ 
ed in various ways. 

If a particle is attached to one end of a string, the other end of 
which is held in hand, and the particle is swinging round, the 
necessary central force is supplied by the tension of the string. 
Although the string is in the state of tension, there is no tendency of 
the particle to move away along the radius of the circle. If the 
string breaks, the particle will continue to move along the tangent to 
the circle. 


In case of a train moving round a curved path, the necessary 
inward force is provided by the reaction of the rails on the flanges of 
the wheels. In case of a motor car, this force is supplied by the force 
of friction between the wheels and the ground. 


Ex. 6. A particle of mass 8 lbsresting on a smooth table ami 
attached to a fixed point on the tattle by a string 4 ft. long, is nviking 
300 revolutions per minute ; find the tension in the string. 


Let 


co —300 r.p.m. 
300 

— 60 rpS ' 


= 5x2tt radians per sec. 
= 10;r radians/sec. 


Since the necessary centripetal force mco 2 r is supplied by the 
tension, 

.'. tension in the string 

= mrto 2 

= 8.4.(10jt) 2 poundals 
8.4.10 2 7i 2 


32 


lbs. wt. 


= 1 OOti 2 lb. wt. 

= 1000 lb. wt. nearly. 
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Ex. 7. A particle of mass m is fastened to one end of a string 
passing through a hole in a smooth table and supports at its other end a 
particle of mass M. Find the number of revolutions per sec. which the 
particle on the table must make in a circle of radius r ft. in order to keep 
the other particle at rest.' 


t T 


Mg 


Let the angular velocity of the particle describing a circle of 

^ radius r on the table be co. 

Since the string passes through a smooth 
hole, the tension T of the string throughout its 
length is the same. 

The particle of mass M will hang in rest 



if 

or 


T=Mg 

mro> 2 =Mo 


co 


-V 


Mg 

mr 


number of revolutions per sec. 



Exercise VI (B) 

1. A particle is moving along a circle of radius a such that the 
actual distance of the particle at any time t from a fixed point of the 
circle is s. Show that the magnitude of the acceleration of the 
particle at time t is _ 

. * (P.U-> 


VC£)■+•-(£)■ 


2. («) A particle moves in a circle with uniform speed. Show 

that its projection on any diameter of the centre moves with Simple 
Harmonic Motion. (P-U*) 

(h) A point P moves in a circle with uniform angular velocity o» 
about the centre G. If <f> be the orthogonal projection of P upon a 
fixed diameter of the circle, determine the motion of and find its 
velocity. {PdJ.) 

3. A particle of mass 2 lbs. describes a circle in a horizontal 

plane, round a point with which it is connected by a string of length 
A ft. If, in one second, the particle makes seven revolutions, find the 
normal acceleration and the tension of the string. ( PXJ .) 


4 . Four masses, each of 10 lb., are fastened together with four 
strings each 3 ft. long so as to form a square. This square rotates in 
a horizontal plane on a smooth table at a speed of one revolution per 
second ; find in pounds weight the tension in the string. 
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5. Two particles each of mass m, are attached to the ends of 

a light string of length a and placed on a horizontal turn-table at 

distances a, 2 a from the centre of rotation. Prove that when the 

table rotates with angular velocity c o the particles can remain upon 

it without slipping provided that the coelTicient of friction is not less 

, 3 cioj 2 

than —rr- 

2 (J 

6. A particle of mass in moves on a horizontal table and is 

connected by a string of length / with a fixed point on the table. If 
the greatest weight that the string can support be that of a mass of M 
lb. ; find the greatest number of revolutions that the particle can 
make without breaking the string. [See Ex. 7] 

7 . Two particles of masses m and 3 in are fastened respectively 
to the middle point and one extremity of a light string which is laid 
on a smooth horizontal table, the other extremity of the string being 
kept fixed. The masses arc projected so that they revolve in circles 
with uniform speeds and such that the two portions of the string 
remain in the same straight line. Show that the tensions in the two 
parts of the string tire as 7 : (5. 

8 A particle of mass m on a smooth table is fastened to one. 

end of a fine string which passes through a small hole in the table 

and supports at its other end a particle of mass 2///, the first particle 

being held at a distance c from the hole. Find the velocity with 

which m must be projected so that it may describe a circle ol radius c 

[bee Lx. 7J 

9. A particle of mass m on a smooth table is fastened to one- 

end of a fine string which passes through a small hole in the table 
and supports at its other end a particle of mass 4 m winch hangs 
vertically Find the number of revolutions per minute which the 
particle on the table must perform in a circle of radius G inches in 
order to keep the other particle at rest. l=>cc Isx. /J 

10 A body of mass m moves on a horizontal table being 
attatched to the fixed point on the table by an elastic string ofmodulus 
A and natural length/. Find the vcloctty of the particle if it be 
describing a circle of radius r. 

11 An elastic string of unstretchcd length /, fixed at one end 
can just support a mass or « lb. when hanging vertically and 

extended bv'halfits length. The mass and 

String is stretched to doubht a" ho.dzomal 

circle about tlmfixed point as centre. Find the time of revolution of 

the mass. . ’. . c 

12 A satellite (which may be regarded as a particle) of mass 

jwctesa sas. i.-s&fr-. -i —-y *• 
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the square of the distance from that point and is equal to 32 m 
poundals at the surface of the earth. Find the velocity of the satellite 
and its time period. (P.U.) 


6 4 Conical Pendulum. If one end of a Tight string is fixed 
at a point O, and a particle tied to the other end moves in a horizontal 
circle, so that the string (OP) itself describes a right circular cone about 
the vertical through O (OV as the axis), the system is lenoumas a Conical 
Pendulum. 


Let m be the mass of the particle tied at P, one end of the string 


0 



whose other end O is fixed. 

Let OP=l. 

Draw PN _L OV, the vertical 
through O. 

Let ^NOP=0. 

As the string rotates, P moves in 
a horizontal circle with centre N and 
radius NP=r=i sin 0. ...(I) 

The necessary normal force 
mxu 2 r to keep the mass in circular 
motion is supplied by the horizontal 
component of T, i.e., T sin 0 ; while 
the vertical component T cos 0 
balances mg, as there is no vertical 



motion. 


• • 

muPr—'Y sin 0=T -~ 

...(II) 

and 

mg=T cos 0 

...(III) 

whence 

T =ml co~. 


• 

• • 

n mg g 

cos 0= T = ; — 

...(IV) 


In order that the string may describe a cone, 

7T 


0 <0 < 


or 0 < cos 0 < 1. 



e the least 
pendulum is 


angular velocity required for 



the motion in a conical 



Further 


A = ON=l 


cos 0 = 


9 

co*' 
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If n is the number of revolutions per second in the motion of 
P, then w = 

(7 


so that 


h = 


Again, from (IV) 


co 


4 n*n 2 


(7 


0 


l cos 0 7i 


Time period for one revolution 

V 


...(VI) 
(P.U. B.Sc., 1962) 

...(VII) 


• • oc the square root of the depth of the 

circle dcscXdbciow the point of suspension of the stringy ^ (VIII) 


o 


\ 


6 41 Constrained Motion in a Smooth Table. 

1 _ rnnvin" in a conical pendulum is also 

constS^f srnootH f—a, & ( = hle, ^hen .0 

the a n» r =nKeLo^Ue on the ntass. 

The normal equation of motion as before is 

mcu 2 r = T sin0 = T . f — 

while resolving vertically we get 

R + T cos Q = mg. ...(H) 

From (I), T = mla> 2 ) 

= 4 mln 2 n 2 ) 

R == mg — T . cos 0 

= nui — 4w»/m*7t 2 . 

...(IV) 

In order that the particle may not 
leave the table, R must remain >0. 


...(HI) 



So that 


or 


4 mltn-u 2 < mg 

u> 2 h < V or 


Cj> 


V 


U 

h 


...(V) 


Ex. 8. If the mass of O.e Min « ^^fretolu^s 

% m iiL the greatest tension Oml can fte allowed 

in the string is 40 lb. wt. 
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Let 6 be the 

O 

♦ 



*$ 


inclination of the string to the vertical, T the 
tension in the string and o> the anuglar velocity. 
Let r be the radius of the horizontal circle 
described by the bob. 

Then T sin 0=4,ro> 2 

=4x2 sin 0.4n 2 w 2 

where n is the number of revolutions per 
second. 

T = 32tc 2 t& 2 poundals 

= 7Z~7l~ lb. Wt. 

Maximum value of T=40 lb. wt. 

.'. 7T 2 n 2 =40 




71=2 


where 7t 2 is taken=10 approx. 


i.e.y the greatest number of revolutions per second = 2. 

Ex. 9. A particle, of mass m is attached to the middle of a light 
string of length 21, one end of which is fastened to a fixed point and the 
other end to a smooth l ine/ of mass ni which slides on a vertical rod 
through O. If the particle describes a horizontal circle until uniform 
angular velocity a about the rod , prove that the inclination of either 
portion of the siring to the vertical is 


cos -1 ( m 4- 2m' )g 

mltnr 


Let r be the radius of the circle described by P and 0 the angle 
which each portion of the string makes with the 
vertical. 


o 


OP=AP =1 

.'. r — l sin 0. 

Let T and T' be the tensions in the portions 
PO and PA of the string. 

Considering the motion of P, resolving 
horizontally and vertically, 

T sin 0-|-T' sin 0 — mroi 2 — ml sin O.co 2 

T + T' = m/co 2 

and (T — T') cos 0 — mg. 

Also, for the equilibrium of A, 

T' cos 0 — m'g 

From (1), (2) and (3), we get 

2T' cos 0 = mho 2 cos 0 — mg 
2m'g=inhv z cos 0 — mg 


...( 1 ) 

...( 2 ) 

...(3) 


or 


cos 0 = 


m l u» a 



a 
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E-. 10 A particle of mass m is attached to an elastic striivg 
ofnatZallength a and modulus equal to the weight of the particle 
JiZ the least angular velocity with which it can move in a conical 

pendulum. ^ ^ ^ extendcd length of the string, T the tension of 

the string and 0 the angle which the string makes q 
with the vertical. \ 

Then T cos 0 = mg " (1) 

and T sin 0 = W = W i^ sinO \ 

T = ftllcj" \ f|t 

By Hooke’s Law, "C 

T = mg — -< 3 > X 


...( 1 ) 

...( 2 ) 


...(3) 


mg l — —=m!oi 2 . 




l = 


tf -«Cu 2 


Now from (1) and (2), 


n_ m L 

COS v — 'j' 


Ioj~ 


,,-aoy; 

77772 


a o> 


Since cos 6^1, 


, 2 ^ 


ti — ai>) ~ ^77 a to 2 


2 a 


V 


U_ 

2a 


such that OP makes an angle 0 with 0‘S. 




MU.1I — - - 

Let R be the pressure of the sphere on 

the particle. ... 

Then R cos 

i R sin 0 = /«r<u" 

and ^ Si, ‘ v o • n (2) 

= mo> 2 a sin U 


GUJ~ • 

tan 0 =-— sin °* 

•J 


or 


sin 


0 cos 0=^ , Sin 0. 


a<o 


•u • n n i e. 0 = 0 so that from 
either sin 0 = 0, i.e., w r r( >'t 

gives the lowest position as the positio 
or cos 0 =-^“ 2 * 


(1), K = t"<J u 


hich 
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* • 


cos 0 < 1 


a co 


1 


or 


CO 


£ 

o 


a 


the particle 


if the angular velocity is less than 
will rest only at the lowest point. 

Ex. 11. A smooth parabolic cup is set whirling with its axis 

vertical, with an angular velocity co. Show that if co 2 =, a particle 

tyell rest in relative equilibrium on any part of Us surface, where 4a 
ts the lotus rectum of the parabolic section by any plane through the 

CIZV2S • 

Since subnormal in a parabola is constant and equals semi- 

latus rectum, therefore, 

LN=2a ...(I) 

where PN is the normal at P and PL 
is J_ on the axis. 

Z_LNP=^TAX=^. ...(II) 

Let R be the reaction of the 
surface on the mass then because the 
surface is smooth, the reaction is nor- 



0 

cally 


circle described Ly P, 


Ala. 2 ; — R sin \b 


fug=z R cos 0. ...(Ill) 

Since, PL is the radius of the 

...(IV) 


or 


or 


T1 l/l ~— 

cu 2 r 

a a “““ 

0 

r 

ci 2 r 

IO 

2! : 

1 

<J 

O 

CO w = 

2a 

- 9 


r/ 


r 

which being independent of r, mass can rest anywhere. 

0 Exercise VI (C) 

. l ' 1 A c ! ,ain 10 ft * Ion g is attached at one end to a fixed 

f andat th e other end to a small ball of mass 20 oz. If the ball 

mr1?™c S m a . comcrd pendulum with an angular velocity of 176 
ounce PCr minute ' fuid thc tension in the chain to the nearest 

2. If the \ elocity of the bob of conical pendulum is v and 
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the length l , prove that the inclination of the string to the vertical: 
is given by 

sin 2 0 v* 
cos 0 gl 

3. A heavy particle fastened by a light inextensible string to 
a fixed point A, is moving in a horizontal circle at the rate of n 

revolutions per sec. Prove that A is at a distance vertically 

above the centre of the circle. (P.U. B.Sc. 1962) 

4 A horizontal bar AB of length a is made to rotate with a 
constant angular velocity <o about a vertical axis through the end 
B If a particle is attached to A by a string c f length /, and the 
string makes an angle 0 with the vertical when the motion is stead> , 

prove that 

a cos 0 + J cos 0=^ • (P U-) 

5 A string of length l has ends fastened to two points A and 

Bin the same vertical line at a distance « apart. If a B ^f ^ ^ 
Pon the string rotates uniformly about B so that B1 is al 
horizontal, prove that the angular velocity is 

j _1*. 

L L a(l*-a 2 ) J 

Show also that P is nearer to B than A by 

_•> 

(\~ 


6 One end of a string 2/ ft. long is fastened .'to a point A on 

circle so that the angle AQP is a right angle ; prove that 

hj 2 


v 2 = 


(P.U.) 


V2 


m 


7 Two masses M and m are connected by a string of length 

sxftf rs» &=r rxrsars 

hang at rest at a distance b from the ring. 


8. A particle of mass m is attached by a light rod of length 
fixed point at a height \l 


above a 


smooth horizontal table on 
l to a fixed point at a X^cWc\Z with velocity i>. Show that 

which the particle is descr % ‘ table if w-< 2 nK and find thi 

there will be a pressure on the table n 


is 


pressure. 

9. An elastic string o 
amount x when it supports 


f natural 
a mass m 


length l is extended by an 
at rest and is extended bv 
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an amount y when it is rotating as a conical pendulum carrying a 
particle of the same mass. Show that 

gy=x{l-\-y)<*\ 

10 . A particle is tied by two equal strings each of length a to 
two points in the same vertical line, about which the particle 
revolves with constant angular velocity co. If the strings are both 
taut and inclined at an angle 0 to the horizontal, prove that the ratio 
of their tensions is 

(ato 2 sin 0 -b< 7 ) : (aco 2 sin 0— y). 

11 . A conical pendulum consists of a light elastic string of 
natural length l and modulus equal to five times the weight of the 
particle. The particle is whirled so as to move in a conical pendu¬ 
lum of height I. Show that when the motion is steady, the velocity 

of the particle must be %y/gl. ( P.U .) 

6 6 Motion of* a cyclist on a curved (nearly circular) 
track. 


When a cyclist goes round a circular path, the necessary inward 

It} l , “ 

normal force —-- is supplied by the force of friction between tyres 
and the ground (towards H). 


The reader must have experienced or observed that the cyclist 
leans towards the centre of the path so that the reaction of the ground 
becomes inclined to the vertical. 


The cycle in the inclined position making an angle 0 with AV, 

the vertical, is shown by AB, with the 
weight of the machine and the rider 
acting at the centre of gravity G. 

Let S be the resultant reaction, 
i.e., the resultant of the normal reactions 
R and F, the limiting force of friction 
(because the Dynamical friction is equal 
to limiting friction practically). 

Then resolving S horizontally and 
vertically 

S sm 0 = —-— =r F ... (I) 

S cos Q = my = R ... (II) 

so ^at tan 0 = -!— ...(III) 

Or 

Thus tan 0 and consequently 0 is large if v is large or r is small, 
'i c., the cyclist is in danger of falling while taking a fast turn or sharp 
<um and this fact can be verified from every day experience. 
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Further if /x denotes the coefficient of friction and A the angle 
-of friction, then 

F = /*R = R tan A, 

' F S sin 0 

so that tan ^ = 


= tan 0 


mv 

r 


acting 


at the 


R S cos 0 

the wheels. 

6 7 Motion of a Railway Carriage or a Car on a Curved 
•(nearly Circular) Track. 

In this case, the necessary normal force 

• centre of gravity is supplied by 
the horizontal component of the 
pressure of the ra»ls on the flanges 
•of the wheels. 

Consider a normal section 
ABCD, of the carriage by the 
plane perpendicular to the direc¬ 
tion of motion and let G be the 
centre of gravity of this section anti 
A and B the points of contact ol 
the wheels and the rails. 

Let R, and R, be <‘> c , compon enU of the reaction 

^n^^rans 3 ^ ^ “ndV'and these supply the effective force 

towards tlte centre of the path. Resolving in the horizontal 

r 

.and vertical directions, we get 

A 


TTL TJ- 2 

G 

r . 

Rj \h 

1 


t 

?ng 


_ mv- 

F,-F*= 7 

R» + R z =ni'j 

Taking moments about A and B, separately, we have 

h = R x .2 a — nuja 


(I) 

(II) 


where AB = 2« and h is the height of G above the ground. 

. «•«/> \ 

• Ri= h ni 

and Rt = ! m (»" at 

From these results we conclude that R, is always pot.tivo and 

increases with v, while R 2 decreases and when * 


vVi\ 

ur ) 
vVi \ 


...(HI) 

-.(IV) 
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which shows that the wheels on the inside of the curve are no longer 
in contact with the rails and the railway carriage will upset if 

•>Vf- ~< v > 

Clearly v is large, when a is large and h is small ; so that the- 
danger of upsetting is minimized by keeping the centre of gravity as- 
low as possible and the distance between the wheels sufficiently large. 

Quite similar is the discussion of motion of a car in a circular 

track. 

6 71 Motion on a banked-up track. 

In the case of a railway carriage or a car moving on a curved 
level track, the forces F 1 and F 2 act on the wheels in the horizontal 
direction. Now action and reaction being equal and opposite, the 
wheels also exert equal amount of pressure on the rails in the 

opposite direction. These lateral 
pressures are very harmful in as 
far as they wear away the rails and 
the wheels and may also tend to upset 
the carriage. In order to avoid 
these lateral pressures, the outer 
rail is raised up, i.e., the track is 
banked-up so that the floor of the 
carriage is not horizontal. 

Let 0 be the inclination of AB 
to the horizontal and R x and R 2 be the normal reaction perpendi¬ 
cular to AB. Resolving horizontally and vertically, 

(R,+R 2 ) sin 0=^1 



(Rj-f-Ro) cos 0 — nuj 


tan 0 = 


or 0=tan —1 


...(I) 


which gives us the angle of banking up for a given v and r. For 
this value ol 0, lateral thrust is absent. 

6 72 In banking up the railway tracks and roads, the angle 
0 is adjusted for some moderate velocity with which the vehicles 
are expected to run. If the actual velocity V of the vehicle is 
different from r for which 0 has been adjusted, some lateral thrust 
F comes into play. 

Let F act along AB, when the velocity of the carriage is V 
(different from the velocity v) 


Then 


t/t V “ 


cos 0 =tF-J- 7W7 sin 0 
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wV- cQs q —.mg sin 0 
r 

'V 2 


=m cos e —a tan 6 ) 

0 ^ V2 ~ t?3 ). using the above (I) 


= 171 COS 

n the lateral thrust acts along 

Case I. If V>v, F t ^ r rail at A (by outer rim of the road 
AB and is caused by the outer rail at A toy 

In case of a car). t»a ; s 

Case n If V<., F<0, i.e.. the thrust acts along BA 

•caused by the inner rail. ^ <Q turn a corner. 

Ex. 12. A cyclist p f ™ ,{J' to describe if the coefficient 

What is the least radius of the curve 

nf friction between the tyres an* the oa* b l and 

,he man! * & des^bed . 

when the friction is maximum. 

Force of friction = iK- 


But 


JR=m 
R = mg 

\mg = m. 


v‘ 

r 


(16)* 


r = 32 ft. 



• • 

• „ * in m nli on a curve of mean 
Ex. 13. A train is running ' ^ P ra Us is 4 ft. 8\ inches. 

radius 1200 ft. <wl the distance raised in order that there 

Find how much the outer rat must 
/may be no side thrust on the rail. 

U , cur- train and 0 the angle the plane 

Let m lb. be the mass of ^ ^ rails with the horizontal. 

v = 45 m.p.h. =66 ft./sec. 

Now mg sin 0=^— cos 0 

t, 2 66 x 66 



• tan 0=-— = 

• * 9 ■ r 

363 
""3200 

The height to which the outer rail should be raised 
B =(4 ft. 8J inches) sin 0 

= 56 J sin 0 inches 

Since 6 is small, we can take sin 0=tan 0. 


32 X1200 
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363 


height required = 56^ x 

1J3 

2 ~ 3200 




3200 

363 


=6 4 inches. 

Exercise VI (I>) 

1. A train is moving at the rate of 30 m.p.h. on a level- 

track of radius 1200 ft. If the distance between the rails be 6 fu 
find how much the outer rail must be raised above the inner so that 
there may be no lateral thrust on the rails ? ( P.U., 1954 > 

2. A cyclist riding at 7£ miles per hour, has to turn a corner. 
What is the least radius of the curve he has to describe, if the coeffi¬ 
cient of friction between the tyres and the road is 0 3 ? 

3. A cyclist travels a level circular track of radius 220 feet, 
and the coefficient of friction between the tyres and the ground is 
0 32. Find the greatest speed at which he may travel. 

( P.U. , 1953 s.y 

4. The shape of a motor-cycle track at a corner is that of a 
circle whose radius is 100 yards. Find the angle at which the track 
should be inclined to the horizontal in order that a rider can take 
the corner at 30 m.p.h. without any lateral reaction between his 
motor-cycle and the track. If a motor-cyclist can take the corner 
safely at 60 m.p.h., find the least possible value of the coefficient of 
friction between the track and his tyres. 

. A motor track describes a curve of 250 ft. radius, and is 
sloping downwards towards the inside of the curve at an angle 

tan 1 6- A* "hat speed must a car turn along it so that there 
should be no tendency to side-slip ? 

6. Prove that the radius of the sharpest curve on which a. 
motor car can turn without tilting at a speed of V ft./sec. is ^ * 

when h is the height of the centre of gravity and a is the width of the 
track between the wheels. 

.. ^' {\ n , engine of weight W is at rest on a railway curve of 

radius r which is banked up to suit a speed v ; show that there is an 
internal lateral thrust on the rail of magnitude 

W *>2 


•» O 


V 

8. If the maximum and minimum speeds of trains and a 
track of radius r are v and v respectively, show that if the outer rail 
is banked up at angle [3, where 

* o t> 2 4- M 3 
,anP =-2^-’ 

the outer lateral thrust of the fastest train is equal to the inner,, 
lateral thrust of the slowest one assuming their weights are equal. 
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9. If a particle of weight W is suspended from the roof of a 
railway carriage which is moving with speed v in a horizontal circular 
track of radius r. Prove that in a position of relative rest the ten¬ 
sion of the string is 

»(■ +£- )*■ 

10 A certain curved portion of Kangra Valley railway track 
with gauge ft. has a radius of 242 ft. and super-elevation of the 
outer rail is l£ inches. Find the velocity with which a tram can 
travel without wearing away the rails. 

11. In Q,. 10, what is the lateral thrust on the track produced 

by an engine of weight 32 tons 

(t) moving at a speed of 15 m.p.h. . 

(it) moving at a speed of 10 m.p.h. ? 

(tit) at rest ? 


2 . 

7. 


Vy/ x- — ar 


ax 


2 . 

3. 

6 . 

9. 

11 . 

12 . 


ANSWERS 

Exercise VI (A), Page 132 

G2i rev. ; 50 sec. 3. 30 r.p.s. ; 4 min. 

_ 29* _ 8. 

a* + \gH* 

Exercise VI (B), Page 138 

(M Vcl.»flM sin uit, when a is the radius. 

Accel. = 784r: 2 , T = 49 r 2 lbs. wt. 

~MiT . 

2tt'V ml 

400 

•r.p.m. 


V 


4. 18 3 lbs. wt. 

8. v/2^7/. 

10 


7Z 


2k 


V 


;A (r — l) 


Ini 


s/l 


V= 1280 V 330 f.p.s. ; T=125 tt y/ 330 sec. 

Exercise VI (C), Page 144 


1. 

8 . 


3 lb. 6 oz. nearly. 

2t; 2 


7. 


2 re 


V 


l*) • 


m 


/ 'Zv*\ 

C Q 3T )’ 


i. 

4. 

11 . 

14. 


Exercise VI, (D) Page 150 _ 

3 63 inches. 2. 12 jy ft. 3. 3 6~ \/35 f.p.s. 

11° 24% 0*52. 5. 40 f.p.s. 

18 .... 

(t) -“tons wt. (**) 


o » , 

1 2 m.p.h. 


V 626. 

32 

tons wt. 


10 

80 

9 y/ 626 tonS Wt 


V 626 



CHAPTER VII 

MOTION IN A SMOOTH VERTICAL CIRCLE 

Simple Pendulum 

71 Equations of Motion for a Circular Path. 

In. Art. 6 33, it was established that whenever a particle moves 
In a plane circle, the impressed forces acting on it may be resolved 
in two perpendicular directions and equated to 

(i) effective force along the tangent ^ mv ^ 

(ti) effective force along inward normal (^~~~ or rnw^r^j 

thus giving us two equations of motion. 

As explained earlier also in Art. 6’31 ; the tangential forces 
change the magnitude of the velocity while the normal forces bring 
a change in the direction of motion. 

7 2. Motion in a smooth vertical circle under gravity 
alone. 

Since the tangential force affects the magnitude of velocity 
alone, therefore in all problems pertaining to motion in a vertical 
circle, it will be found advisable to discover, once for all, an expres¬ 
sion for the magnitude of velocity and as it shall be seen below 
(Art. 7 21), such an expression is obtainable from the Tangential 
equation of motion without any reference to the Normal equation. 

7 21 A particle is projected along the inside of the arc of 
a smooth vertical circle from any point on it with velocity v x . To prove 
.that Vo, the velocity after it has moved up a vertical height h, is given by 

v 2 2 = Vl 2 —2 gh. ( PTJ . 1968) 


Let at any time t, P be 



the position of the paiticle moving 
inside the smooth vertical circle of 
ladius r and centre O. 

Let A be the lowest point on the 
circle, B the point of projection where 
the velocity is v x and G the position of 
the particle where its velocity is v 2 - 

Let /_ AOP=0 and arc AP=s. 

Then s=r0. ...(I) 

The only forces acting on the 
particle are (i) its weight mg acting 
vertically downwards and (»i) the 
pressure R of the circle in the direction 
of normal. 
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IFv is the velocity at P, the equation of motion along the tan¬ 
gent 1 at* P is 

dv . . 

mv-j^- = —mg sin 6 ...(II) 


Now 


v. 


dv dv dQ 

ds dO ' ds 

1 dv 

= ~7 dU~’ 


1 dv 

7 dQ 


= —g sin 0 


by (I) 


or 


dv 

V dQ 


= —gr sin 



Integrating, we get 

^v 2 =gr cos O-f-C, where G is a constant of 

integration. 

=<7-NO + G 
= <7(AO — AN) + C 
=£/('■ — */) -f-G, 


where y is the height of P above A. 

Let «/=t/i for B and y=y z for C. 

At B, v = v x and y=.y x 

h'h 2 =ff(r-y i)+G 
At G, v=v 2 and y — y z 

\v 2 =^g(r— y 2 ) + c 

From (III) and (IV), by subtraction, 

%v 2 2 -\v 2 = — g(y z — y,) . 

= —gh where h is the height 

.*. v i 2 = v l 2 — 2 gh. 


...(Ill) 

...(IV) 


of G above B. 



7 22 Similarly we may prove that the velocity v., attained by 
the particle when it is projected and moves down the arc of the 
circle through a vertical depth h, is given by 

v 2 2 =v l 2 -\-2gh. -..(VI) 


Ex. A particle is projected from the lowest point with velocity 
u and moves along the inside of a smooth vertical circle of radius. 
Prove that the velocity v of the particle at a vertical distance h Irom 
the lowest point is given by 

v z = u 2 — 2gh. (P.U. B.Sc. t 1961) 


7*3 Motion on the outside of a smooth vertical circle. 

A particle starts from rest at the. highest point, and moves down 
along the outside of the arc of a smooth vertical circle , to prove that 
the particle leaves the arc when it is at a vertical distance of **'"?£* 
of the radius of the circle from the highest point. (Delhi, 19o~ o ) 
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Let P be any position of the particle moving outside the arc of 

the vertical circle of radius r. Let PN 
” be perpendicular to AB, the vertical 
diameter of the circle. 

Let /.AOP=^0 and AN=ft. 

If v is the velocity at P, then by 
(VI) of Art. 7-22 

v 2 —2gh. 

The external forces acting on the 
particle are (i) its weight mg acting 
vertically downwards and {it) reaction. 
R of the curve outwards along OP 
as the particle is pressing the arc 
inwardly. 

Writing the equation of motion along the normal PO, we get 



mv 


—mg cos 0 — R 


2 

R=m ^<7 cos 0-7T") 

/ r — h 

= m(g . 


= mg 


r 

r — 3h 


-») 


The particle leaves the circle when 

R = 0 

i.e.y when r=3h 


or 




•••(I) 


ON = 


2r 

3 
ON 


cos 0 = op=y 

Ex. A particle of mass m, placed on top of a smooth vertical 
circle is slightly displaced, show that the particle will leave the circle 
when the radius to the pat tide makes an angle 0 with the upward 

vertical given by cos 0=-|- and the velocity then is — . 

(t/. cfc ^.) 

8*31 Subsequent Path. 

After leaving the circle the particle moves in a parabolic path 
at the point Q,. 

Suppose ZAOQ=0, then cos e = = ~ ...(II) 

Let v be the velocity of the particle when it leaves the curve 
along the tangent at that point. 
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Then v 2 = 2gh = 2g . -j- ■ ...(III) 

The equation of the trajectory referred to the horizontal line 
through the point where the particle leaves the curve (taken as the 
origin) as the a>axis and the doumward vertical through the origin as 
the y -axis is 

OX 2 

y= x tan ° + 2v 2 cos 2 0 

_v_5 T , <J X ~ 

- 2 X+ 1 . itjr . | 

(••■ cos 0=^-, tan 0= ) 

V5 , 27 

or y =2 x + i6r x —(V) 

16/* 

The latus rectum of this parabola is — (the reciprocal of the 
coefficient x 2 ). 

Exercise VII (A) 

1. (a) A particle starts from rest at the highest point and mo/es 
down along the outside of the arc of a smooth vertical circle. Find 
the angle 0 which the radius vector to the particle makes with the 
vertical when it leaves the circle. 

(/>) Find 0 when (t) it starts with a velocity u at the highest 
point ; (it) it starts from rest from a point where 0 = a. 

(c) Find also the latus rectum of the subsequent parabolic path 
in each case. (P.U.) 

2. Prove that in Q,. 1 above, if the particle is initially projected 

with a tangential velocity of y/±gf('5y/ 2— 4), from the highest point, 
it will leave the circle when the radius to the particle makes angle of 
45° with the upward vertical. (/*.£/.) 

3. A particle slides from rest down the rim of a smooth vertical 
circular disc, starting from the position in which the radius through 
the particle makes an angle a with the vertical. Prove that the parti- 
clc leaves the disc when the radius through it makes an angle 
cos _1 (s cos a) with the vertical. 

If the particle starts from rest at a depth \r below the highest 
point, show that it leaves the disc at a height of \r above the centre. 

4. A particle slides down the surface of a smooth fixed sphere 
of radius a, being slightly displaced from rest at the highest point. 
Find where it will leave the sphere, and show that it will afterwards 
describe a parabola of latus-reclum \*a. and that it will strike the 
horizontal plane through the lowest point of the sphere at a distance 

5(v/5 Xn v/?) ~ from the vertical diameter - ^ P U - 1900 S ; 1061 
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7 4 Motion on the inside o£ a smooth vertical circle. 

A particle is proj icted from the lowest point w»th velocity u and 
moves along the inside of the arc of a smooth vertical circle, to discuss the 
motion. {Delhi, 1954) 

I.et P be the position of the particle at time t. Draw PN 

perpendicular to AB, the vertical 
diameter of the circle of radius r. 

Let /_ BOP=0 and BN=&. 

Then BN=A=r—r cos 8 

ft r ~h 
r 

Let v be the velocity at P. 
Then t> 2 =u 2 —2 gh ...(1) 

The equation of motion along 
the normal PO is 



mv 


a 


= R —mg cos 0 


T u 2 — 2 gh r — 

= m L r ~~r~~ J 

712 

= — (u 2 —3gh+gr). 


..( 2 ) 


Equations (1) and (2) give the velocity and the reaction of the 
curve when the particle is at a height h. 

At the highest point, h=2r 


and 


At the lowest point, 


K=^{u*-5gr) 

v 2 =u 2 —4 gr. 
h = 0 

T> 7,1 U * . 

R=- \-mg 


...(3) 

Case I. The particle will describe complete circles if R and v 
do not vanish at the highest point 

i.e. if u 2 >5gr ...(4) 

The least velocity with which the particle must be projected 
from the lowest point so as to make complete revolutions is V 5gr. 

{Delhi, 1961) 

from (3), putting u 2 =5gr 

R = 6mg ...( 5 ) 

i.e. if tf\e particle is projected from the lowest point xvith velocity 
just, sufficient to carry it to the highest point , then the pressure at the 
lowest point is six times the weight of the particle. 
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Other Cases : 

Let v vanish at a height h Y and R vanish at a height h.,- 


Then from (1), 


*1 = 


h 2 = 


u‘ 


...( 6 ) 


u 2 -\-gr 

3(7 


and from (2), 

Case II. The particle comes to rest 
vanishes. 
i.e. if 

if 


.-(7) 

if v vanishes before R 


or 


or 


u- 
2 G 


O o 


< 


u 2 4- qr 


*g 


if 


u 2 <2 gr. 


Now V2 gr is the velocity at the lowest point just sufficient to 
take the particle to the level of the horizontal diameter or centre 

level. _ 

Thus if the velocity of projection u is less than V2r/r. ‘^parti¬ 
cle stops instantaneously at a point lower than the 

The particle will then begin to move down. It reaches J° thcr 
point with velocity « and then rises to an equal height to the othe 

side of B. 


Case III. The particle 
velocity vanishes if 


leaves the curve (R = 0) before the 

h % 


or 


if 


u 


2 


2 gr. 


and moves in a parabolic path. 

Hence we obtain the following three cases 


Case I. When u 


*'• the P ar,icle -akes complete revoluj 

UOnS ' //. When «.<2 gr. the particle oscillates onegch^e of 

the lowest point as in Simple 1 endulum. n 

Caselll . When 2gr<u 2 <5gr, it leaves the arc and move, in 

a parabolic path. 

7 5 Motion of a bead on a smooth circular wire 

The case of a bead on a tmo nh cir 5V la *', diflfcrent°as here* the 
moving inside a smooth circular tu )c is s g tu | JC tlocs not arise. 

question of the particle leaving t le wii complete oscillations 

Hence two cases arise : either-the ^ make complete 

or it oscillates about the lowest poll ■ and C^gr, the particle 

oscillations if u 2 >4gr. But wh , ' t hc level of the horizontal 

comes to rest for an instant at a point above thc level oi 
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diameter. The reaction now changes sign so that instead of the body 
pressing the wire or the tube outwards, it begins to press it in¬ 
wards. 

7 6 Motion of a Heavy particle attached to a string in a 
vertical plane. (P.U. B.Sc., 1961 S) 

The case of a particle hanging from a fixed point by a light 
inextensible siring and projected with a certain horizontal velocity is 
exactly the same as that of a particle moving inside a smooth vertical 
circle with a difference that we have only to consider the tension T 
instead of the pressure R, and the length l for the radius r of the 
circle. 

v 2 = u 2 — 2 gh ...(I) 

] -(H) 

T at L= ™ (u*+gl) -(III) 

If 2gl <u 2 <5gl, the tension vanishes at a point above the point 

of suspension, the string is no longer tight, 
and the particle moves freely in a para¬ 
bolic path so long as the string docs not 
become tight again. 

If u 2 ^5gr, then the particle will 
make complete revolutions, and the string 
should bear the tension of at least six 
times the weight of the particle, because 
in case when the particle can make com¬ 
plete revolutions, the tension of the string 
when the particle is at the lowest point (L) 
is six times its weight. As the particle 
rises higher and higher the tension 
decreases, till at the highest point H it 
instantaneously vanishes to increase further 
bevond H. 

4 

7 61 Simple Pendulum 

If a heavy particle is tied to one end of a light inextensible 
string, the other end of which is fixed, and the particle oscillates 
in a vertical circle, then the system is called a Simple Pendulum . In 
Art. 7 6 above we have thus discussed the motion of a simple 
pendulum. 

SOLVED EXAMPLES 

Ex. 1. .4 j)artiele is hanging from a fixed point by a light chord 

S feet long , and is started moving with an initial horizotUal speed such 
that the cord slackens when the particle is 5 feet above its Icnvest point . 
Find how much higher it tcill rise. (P.U. 13.Sc., 1958) 



and 


T= ™ [u*-3gh + gl 
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Let A be the lowest point and G the point of suspension 

Let the cord become slack in the 
position CP where BOP=0. 

Then if PN is perpendicular on AB, 

NA=5 ft. 

... CN = 2 ft. cos 0 = 5- 

Let v be the velocity at P. In the 
position when the cord sluc<cjns. 

V^i- = m<j cos 0 (•■• T —0) 

3 

v 2 =3j/cos0 

= 2 

v= y/2g =0 ft./sec. 

The particle now moves along the tangent 1 T in a an«Ae 

Lolic path, its initial velocity being 8 ft./sec. incline a 
•cos -1 { to the horizon. 

Vertical component of initial velocity =8 sin 0 = %y/5 ft./sec. 

Since in a trajectory, at the highest point dire 
velocity is along the horizontal, the vertical compo c 
at the highest point is zero. 

.*. if 7/ if the greatest height reached by the particle, 

0 = (3v/5) 2 -2(//t 

A = S ft. 


greatest angle through 

of which can. suppo.t J 1957 S ) 


_:. 2. Show that the 

■oscillate on a swing, the ropes 

weight when at rest is 120 °. ^ ^ 

If the ropes are strong enowjh and he ca * swing ** fJ J foj)e at thnt 
if v is his speed at any point, prove th 

point , where m is the mass of the person ami t the le.uj ,. 

of the rope. 

Let u be the initial velocity and v be the ^“vertical! ^ ' 
P t when the ropes are inclined at an angle 0 to the 

Then „* = u=-2!7i(l- cose > 

The equation of motion along the normal at P is 

_x — mg cos 0 
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or 


=m £ 
— m 


g cos 0-f- 


?] 

0H —j 2 g ^1—cos 0^^J 


i.e.. 


Putting 


T 

T 


m I g cos 

m — 2g+3g cos 0 J- 
2 mg and 0=0 in (2), we get 


..( 2 ) 



2mg=m£-j - 2g-{~3g J 

which gives u 2 =gl, 

Putting v=0 and u 2 =gl in (1), 
we get 

0=gl—2gl(l -cos 0). 
cos 0= £ 

or 0=60°. • 

This gives the angle on' one side 
of the vertical through which man 
can oscillate. 


the greatest angle through which the person will oscillate 

= 2tf = 120°. 

(ii) Again when 20= 180° or 0 = 90 = , then v=0. 
from (1), 0 = u 2 — 2gl 


or 

u 2 =2gl. 


...(3) 


v 2 =2gl-2gl{\- 

cos 0) 


or 

v-=2gl cos 0 



or 

A v ~ 

cos6 ~2 a t 

• 



From (2), (3) and (4), we get 




T = mf 2<j — 2g 

3v 2 “| 

21 J 



3 mv- 



— 21 




W, ?i' A h ™ vl J. Varticlc is free to move in a vertical circle of 
A ’ tJlc Pinole ts projected with velocity u from the lovest 
/ 7; * ‘ te crrc ^ e - If v be its velocity when it has risen a verti - 

7hmv fhdi CC h ’ Pr ° Ve " v = u "~ 2 gh. If it just reaches a point P, 


"=Vt ap 
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Again, let 


where 


Let the vertical distance of P above A be h so that 

AN =h 

v z =u 2__2(/h. (Art. 7 21) 
v = 0 at P. 
u 2 = 2gh 

= 2<7.AP cos 0, 

Z. PAN=0 

AP 

= 2g. 

AP 2 

— 2g. 2l 


= —.AP 2 . 

l 

«= \/-f • 



AP. 


Exercise VII (B) 

1. (a) A particle hangs by a string of length a from a fixed 
point O and is given an initial velocity v 2gh. Prove that ’ 5 ^' the 

particle makes complete revolutions, h is at least equal to —. 

(./. <0 K.) 

(b) Show that the velocity with which a particle hanging from a 

fixed point by a string of length « must be startcd_so as to describe 

a complete vertical circle must not be less than V oag. (•/. <0 K.) 

2 The roadway of a bridge over a canal is in the form of a 
circular arc of radius 50 ft What is the greatest velocity with winch 
a motor cycle can cross the bridge without leaving the ground at the 

highest point ? 

3 A tumbler containing some water is swung in a vertiat 

lowest point must be at least V • 

4 A heavy particle is attached by a string 10 ft. long, toa 
fixed point and swung round in a vertical cue e^ ( ,J' K 

and velocity at the lowest point ol the cnc e so that J(JG ^ 

just complete the revolutions. 

5 A trick cvclist rides inside a sphere of radius 12 ft. with 

head downwards past the highest P°’" r Ass.nne the 

must then have in order that he can perform the teat^ ( 4 f( 

mass or the machine and the rider to be concentrated I 

from the track. 
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6. A heavy particle hangs by a string from a fixed point and 
rotates in a vertical circle. Show that the sum of the tensions of 
the string when the particle is at the opposite ends of a diameter is 
the same for all diameters. 


7. (a) A particle is projected along the inner side of a smooth 

vertical circle of radius a , the speed at the lowest point being u. 
Show that if 


2ag <u 2 <z5ag, 

the particle will leave the circle before arriving at the highest point 
.and then describe a parabola of latus rectum 

20/2-2 ag)* 

27 a 2 </ 3 

(b) If u 2 =4gr, determine the velocity of the particle on leaving 
■ the circular path. 


(P-U.) 


Also find the angle that this velocity makes with the horizontal. 

(P.U. B.Sc., 1960) 


8. A particle is projected along the inner surface of a smooth 
vertical circle of radius a, its velocity at the lowest point being 

o \/ 95ga ; show that it will leave the circle at an angular distance 

cos- 1 § from the highest point and its velocity then is $ V" 15 ga. 

9. The bob of a freely hanging simple pe ndu lum of length l is 

projected from its lowest position with speed \/ 6 gl, find the velocity 
of the bob and tension in the string when it makes an angle of 120° 
with the downward vertical. Weight of the bob is W. (P.U.) 

10. A heavy particle hanging from a fixed point by a light 

incxtensible string of length a is projected horizontally with a velocity 
■u. Show that during the circular motion the tension of the string at 
any time is proportional to the depth of the particle at that moment 
below a certain horizontal line, and find the values between which 
u must lie that the string may become slack. (P.U.) 

11. A stone of weight w is tied to one end of a string and 
is describing a vertical circle, the other end of the string being 
fixed. It the maximum speed of the stone is twice the minimum 
speed, prove that when the string is horizontal, its tension is 

10 w 
____ • 

5 


Also find the tension when it makes an angle of 45° with the 
downward vertical. (P.U. 1967) 

7 7 Period of a small oscillation of a Simple Pendulum. 

A heavy particle is tied to one end of a light inextensible string 
the other end of irhith is fixed, and oscillates in a vertical circle, through 
a small angle. To find the period. (Delhi, 1056 ; Panjab, 1953 ; Agra) 
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Let O be the fixed point, P the position of the particle at time 

A the lowest point, arc AP —s ar.d 

/.AOP=e. 

The forces acting on the particle 
;are its weight mg acting veiticaUy 

-downwards and the tension T ot the 

• string along PO. 

The equation of motion along 

• the tangent PL at P is 

d* 8 — _ mg sin 0 


m 


dt 2 


' Since 0 is a small angle measured 
i in radians, and 



Lt sin 6 —1, sin 0 may be replaced by 0 

6-vO 0 


d 2 s 

111 - 


= —g0. 


Let l be the length of the string. 

o 

Then 0 = 


.s 

7 


»• 


d 2 s _ a 

dt 2 * 

-which shows that the motion is Simple Harmonic 

2tt 

Time period = 


( r 


Form 


d*x \ 


V 


2k 'X/ 

ThCimeoranoscinationisindcpeodemor amp.Uude (i,. the 


from rest to rest 


inc time oi -. . . • » 

motion of a simple pendulum is t so ■ 

7-71 The Seconds’ Pendulum 

A seconds’ pendulum is ' v ^'; J one* second, 

makes half a complete oscillation) l __ 

‘-"VT 

^ where i is the length of the seconds pendul 

l== 7 ^ = 9 S7 ft ' 

= 3 914 inches, in F.P.S. system 

This gives the length of the correct seconds pend 

Taking ?r 99 4 C cm /S in C.G.S. system. 
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7*8 Loss or gain of* Oscillations 

We have seen that for a simple pendulum : 

‘-Vt* 

where l is the length of the simple pendulum and t the time of oner 
beat. 

I 

Let the pendulum make n beats in time T. 

Then T= ?it = 71tz — 

n= ^V-f •••» 

so that 7i, the number of beats (or frequency), depends upon ‘the 
ength l and the value of g at a place. Let dn denote the increase in 
the number of beats corresponding to an increase dg in g and dl in l. 

Taking logarithms of (I) : 

log n = log T—log TC-t-i log g—k log l. 

Taking differentials, we get 


1 


r/,l= 4~( )r d 9- 


1 


dl 


n 'J. \ g - / 

since T and tc are constants. 

Case I. If only the length l varies, dg = 0 




(II) 


dn 


n 


2 

2 


_ n ai 


...(III) 


dl_ 

l 

n dl 

T 1 

The negative sign shows chat therejs a decrease in the number 

h ln l any in !T a l of ’ ,I 1 nc corresponding to an increase in the 
length of the pendulum. I bus the clock becomes slow. 

Case II. If only g varies, d/ = 0. 

. dn 1 dn 

• • _ _ • ’ 

a ~ 2 


d n — - 


...(IV) 


( J 

n dg 

2 ~f m 

1 hus an increase in the value of g makes the clock go fast. 

^ ^ Cliange in g due to position 

thr saitnre of tin d'lt out ' s,, I' tfic surface of the earth g varies inversely as 
7- L distance from the centre of the earth ; therefore if r is- 

smface 1CC ^ thc ° f earth * Point kbove the earth's 


0 ~2 » when g. is a constant. 



165 


Taking logarithms, 

log ^=log p— 2 log r 
dg 2dr 

• I ■ ■ _ ____ I - .Ml • 

9 r 

If* is the height above the earth’s surface, then 


dr=h. 


dg_ _ 

2h_ 


9 

r 


dn 

i 

h 

n 

2 g ~ 

r 

dn — 

nh 


- - ■ • 

r 



[From (IV) of Art. 7'8] 


Hence when the clock is taken to a high mountain, the number 
of oscillations is lost so that the clock becomes slow. (Delhi, 1962) 

7-91 (H) For points inside the surface of the earth, g varies 

■directly as the distance from the centre of the earth. 

9=H- r 

dg = fjdr= dr 
dg dr 

!T = ~r" 

If D be the depth below the surface, dr= — D. 

dg _ P 

g ~~ r 


dn 

n 


_ 1 _ 

2 


dn= — 


d0_ 

9 

7iD 

2 T 


D 

2 r 


[From (IV) of Art. 7 8 ] 


...(VI) 

Hence even when the clock is taken to a deep mine, the 
number of osciUations is lost so that .hedock .tgam become slow. ^ 

Ex. 4. Find how many seconds a clock would lose per day if 
the length of its pendulum were increased in the ratio 900 ^ ^ R ^ 

By Art. 7, 

n at 

dn —— • —• •••' l) 

Here n=No. of seconds in a day = 8G400. 

/ ; l + dl = 900 : 901 

dl _ 1 _ 

* ~ 900' 


whence 
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dn= — 


86400 1 


= —48. 


2 900 

Hence the clock loses 48 secs, per day. 

Ex. 5. A clock keeps correct time at a place where g—321 
ft.!sec*., how many seconds would it gain or lose per day if taken to a 
place where g=32’2 ft.fsec* ? 


Here 


and 


or 


Now 


where 


<7 = 32'1 ft./sec 2 . 
g-\-dg=32 2 ft./sec 2 . 
g-\-dg 322 


9 

~ 321 

dg_ 

32-2 

9 

— 321 


01 


32-1 


1 


321 


dn 

n 

dn— 


1 

2 

n 

2 


dg 

a 

dg_ 

a 


7i = No. of seconds in a day 
= 24 x 60 x 60 
= 86400 
, 86400 

rfn ~2x321 
= 1346 

which is positive. 

Hence the clock gains 134 - 6 secs, per day. 


Ex. 6. -4 seconds pendulum loses 10 secs, a day at a place- 

where g is 32 ft./see 2 . What change is necessary to make it' 
accurate ? 

Let l be the correct length and Z-f dl the false length of the. 
pendulum. 

Then 1= 

7C“ 


and 



n dl 

2 T 


, where 7* = 86400 
and dn= —10 



86400 dl 
—■ ■ • ... 


2 al-x* 



167 


dl = 


20 g 


20x32 


86400tc 2 86400 x(31416) 2 

= 0 009 inch. 


ft. 


7 If a pendulum beating seconds at the foot of a mountain 
loses 8 seconds in a day when taken to its summit find approximately 
the height of the summit , assuming the radius of the earth to be 4,000 
miles , and neglecting the attraction of the mountain. 

Here ?i=24x60x60 

dn = — 8 

r=4000 x 1 760 x 3 ft. 


Since 


dn= — 


— 8 =- 


n 

r 


24x60x60^ h 


400U x 1 7bO x 3 
h =19555 ft. 

M g A seconds' pendulum was too long on a given day by a 
quantity a {it was then over-corrected so as to be too short during the 
lext day ; prove that l being the correct length, the number of minutes 

gained in tire tiro days mas nearly. (P.V. I960) 


L 


= 1 . 


"V i 

Let t be the time of one swing when l becomes M a 


...(I) 


Then 


V 


If n be the number of oscillations in a day, 

7^ = 86400 
86400 


n = 


t 

86400 

re 

86400 

71 


= 86400 


V 

V 

V 


g 


/_+« 

g 

■ # 
i 




from (I) 


= 86400 ^ 1 + -J-) 




• • 


/ a 3x 2 . \ 

= 86400 1 — -27+8/2' . ) 

loss in a day = 86400 ( -|p- ) vibrations. 
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Similarly when l becomes l —a, loss in a day 

=86400 (-§-§£> 

GC 3 ^ 2 

-s; i.e ., gain in a day =86400^-^ )'.vibrations. 

.-. gain in the number of vibrations in two days 

= |^X86400 

Now gain in one vibration means one second. 

3a 2 

time gained=86400 X ^2 seconds 


= 1080 


Z 2 


minutes. 


. 9. A clock , which at the surface of the earth gains 10 sec. 
a day, loses 10 sec. a day when taken down a mine. Compare the 
accelerations due to gravity at the top and bottom of the mine' and find 
its depth. Take the radius of the earth to be 4,000 miles. ( P.U .) 

Since it is gaining at the surface ; it means the value of gravity 
is above normal, say g+dg 

. n da 
dn— 


...(I) 


Also, 


10 = 


2 g 
86400 


dq_ 

0 


dg 

0 


1 


or — = 


4320 


or 


fir 4 -dg 4321 
n 4320 


...(II) 


Also, in a mine let gravity be g — 8g, where the loss being 
10 seconds. 




• • 


dn &g 

n - 2 g 

g-Sg 4319 
g “4320 


Sg 

u 


l 


4320 


...(III) 


Again, for a mine of depth D, dn = — 


7lT) 

2 r~ 


giving. 


. n 86400 

— 10=- o -X 


D 


4000 


or 


400 

D = 4 y 52 — 7rf mile=4888f ft. 


Also the ratio of the values of gravities 

g+dg 4321 
~ 0— Sj7 “4319* 
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Exercise VII (C) 

1. A clock with a seconds pendulum loses 20 seconds per day 
at the place where acceleration due to gravity is 32 ft./sec-. Find 
what change (i) in length, (it) in gravity is necessary to make it 
accurate. 

2. A clock with a seconds pendulum is gaining two minutes a 

day. Prove that the length of the pendulum must be increased by 
0*28 cm. to make it go correctly. (P.U.) 

3. Show that an incorrect seconds pendulum of a clojk which 

.IT 

loses x seconds a day must be shortened by^- per cent of its length 
in order to keep correct time. 

4. A pendulum whose length is / makes rn oscillations in 
24 hours When its length is slightly altered it makes tn t n oscilla- 

2 u f 

tions in 24 hours. Show that the diminution ol length is — nearly. 

(P-r.) 

5. Show that the height of a hill at tiie summit of which a 
seconds pendulum loses n beats in 24 hours is approximately 245/t 

feet. 

6 Assuming that acceleration due to gravity varies inversely 
as the square of the distance from the centre of the earth, find approxi¬ 
mately the height of a mountain at the top of which a pc-duhim, 
which beats seconds at sea level, loses 20 seconds a day. I he radius 
of the earth may be taken as 4,000 miles. 

7. A pendulum beats seconds accurately at a place where the 
acceleration due to gravity is 32 ft /see-. If taken to a place where 
the value of this acceleration is 32 2 ft ./sec 2 ., will it gain or lose, and 
how many seconds in 24 hours ? 

8. A pendulum is carried to the top of a mountain half a mile 
high, how many seconds will it lose per day ? By how much m ist its 
present length be shortened so that it may beat seconds at the top of 
the mountain ? 

9. A simple pendulum swings under gravity in such a manner 

that when the string is vertical, the force which it exerts on the bob 

is twice its weight ; prove that the greatest inclination of the string to 
the vertical is 60 3 . 

10. A seconds pendulum hangs against a wall inclined at an 
angle 0 to the horizontal. Show that the time of a complete small 
oscilla.ion is 


V 


sin 0 


11. A pendulum of length l has one end of the string fastened 
do a peg on a smooth plane inclined to the horizontal at an angle a. 
With the string and the weight on the plane, its time of oscillation 
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is t seconds. If a pendulum of length V oscillates in 
suspended vertically, prove that 

a=sin _1 



one second when 


(P-U.y 


Miscellaneous Exercise V 

1 A particle moving on the inside of a smooth hollow sphere 
of radius r, describes a horizontal circle at a depth of hr below the 

centre of the sphere. Show that its speed is \ \/ Sgr. 

2. A body moving in a horizontal circle makes n revolutions 
per second on the inner surface of a smooth hollow cone of vertical 
angle 2 x with axis vertical and vertex downwards. Show that the 
distance of the body from the axis of the cone is 

g cot a 
4- 2 » 2 ' 


3. Two masses m, and are connected by a string of length 
I passing through a small fixed smooth ring. Find the least velocity 
of revolution of ?n x in a conical pendulum, in order that m 2 may 
hang at rest at a depth x below the ling. 


4. A cyclist’s circular racing track is the part of a cone with 
axis vertical, vertex downwards, semi-vertical angle 60° and radius 
120 ft. If the coclficient of friction be 0 3 ; find the maximum and. 
minimum speeds possible on the track. (Public Service Commission > 


5. A car takes a banked corner of a racing track at speed V r 
the lateral gradient a being designed to reduce the tendency to side 
slip to zero for a lower speed v. Snow that the coefficient of friction, 
to prevent side slip for the greater speed V must be at least 


(V 2 — 1 > 2 ) sin a cos a 
V 2 sin 2 a + r 2 cos 2 a 


( P.U ., 1961 S) 


6. If a simple pendulum oscillates through an angle a on either 
side of the mean position, show that the period of an oscillation is 



where a is so small that siri 4 — and higher powers of sin — can be 
neglected. (P.C7., 1961 S > 


7 In an oscillatory pendulum the tension of the string when, 
the bob is in its lowest position is n times the weight of the bob. 
Prove that the angle of swing on each side of the vertical is 




(P.U.) 
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8 A particle attached to a fixed point O by an inelastic string 
of length r is let fall from a point in the horizontal through O at a 
distance V cos 0 from O. Show that the v elocity of the particle when 

it is vertically below O is V ^ (I -sm=U). Find also the { tendonthere. 

9 A particle attached to a fixed point O by a string of length 
1 is held up with the string stretched and horizontal and then let go. 
Prove that when the string makes angle 0 with the horizontal the 

resultant acceleration is _ 

gy / 1+3 sin 2 0. (P U., 1968) 

10 A heavy particle is free to move in a vertical circle of radius 
l and is projected with a velocity « from the lowest point A of the 
circle. If it just reaches a point B, show that 


«= 


9 

l 


AB 


Tension at A is to the tension at B as 

2/*+2AB 2 
2/- — AB- 

11 A particle slides outside a fixed smooth circle in a vertical 

plane starting at rest at the top and another is projected from the 
lowest ,ioint inside the circle with just sufficient velocity to carry it to 
the topi Prove .hat both leave .he circle at .he same point and proceed 
to describe parts or the same parabola. (r.uJMJ) 

12 A heavy particle hanging vertically from a fixed point by 
a light inextensiblc cord or length / is struck by a horizontal blow 

which impart to it a velocity V 2 ,jl . Prove the chord become, slack 

when the particle has risen to a height ^ above the fixed point and 

find the highest point of the subsequent path. 

11 A simple pendulum is started to make complete revolutions 

in a vertical plane. What must be the least velocity of projection ? 

In the subsequent motion and *>. are the greatest and least 
1 I o\,rl T* and To arc the greatest and least tensions. 

ProvcThat wl'.e'n the pendulum makes an angle 0 with the vertical, 
the angular velocity is 


V 


o 0, 

o., 2 COS 2 


0 


sill- 


(I\U.) 


and that tension is \\ cos 2 + s,n “ 2 * 

. 14 A heavy particle of mass in makes complete revolutions in 

a smooth circular tube fixed in a vertiral plane. Its greatest speed 
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is n times its least speed. Prove that the pressure in the tube when 
the particle is moving vertically is 

2(n 2 -j- 1 )mq 

•> 1 > 

71“— 1 

that its speed then is 

n " 1 times its speed at the highest point. ( P.U.) 

15. A particle which hangs from a point by a string of length 
a is projected horizontally from the position of equilibrium with a 
velocity due to a height {a+b). If 26 < 3 a show that the string will 
be loose for a time t given by the equation 

27ga 2 t 2 =8b (9a 2 -4b 2 ). 

16. A bead is free to slide on a smooth circular wire and is 
projected from the lowest point with a velocity just sufficient to carry 
it to the highest point. Show that the reaction changes sign after a 
time 

/\J (log (v/5 + 6). 

17. A thin smooth tube forms an arc of a circle of radius a in 
a vertical plane, its ends A and B being open and at the same level 
and the arc AB subtends an angle (2 tt — 2a) at the centre. If a 
particle is started at the bottom of a tube with a velocity V, prove 
that in order that it may re-enter the tube B after leaving the 
tube at A 



(see 


a h'! cos 2 



18. A hollow cylinder of internal radius a rotates round its 
horizontal axis with constant angular velocity co. Show that a small 
particle inside the cylinder will start to slide when its radius makes 
an angle 0 with the downward vertical. 


ANSWERS 

Exercise VII (A), Page 155 

o 

1. (rt) cos” 1 ~ . 


(6) (0 cos” 1 ; 

3gr 


(c) (i) L.R. = 


27 * 


(«) cos " 1 (~ cos a^- 

,. 2(m 2 4-2f/r) 8 16r cos 3 a 

(lt) —2W 5 (UI) - 27 ~ • 



173 


Exercise VII (B), Page 161 

2. 40 fps. 4. T =6 rruj, u= 40 f.p.s. 5. 16 f.p.s. 

7. v= /\J -j-G r , 0 = cos- l -|- 9. v = ^3?/ 

„ /10 3 \ 

10. 2ga < « 2 < 5!7«- 11 (t+ v 2 J' 

Exercise VII (C), Page 169 
1. (i) 018 in. (it) g must be increased by 0 015. 

6. — mile or 4888 feet. 7. gains 270 secs. 

27 y 

8. 10 8 secs ; 

Miscellaneous Exercise VI, Page 170 

■x J_ a / Va^L 4. 64 ft. and 30 ft. 

2u A/ m x {l—x) 

8. T=wi{7\/3-2 sin 2 b. 


12 . 


91 

16 



CHAPTER VIII 

WORK, POWER, ENERGY AND IMPULSE 


(A) Work and Power 

8 1 Mechanical Work. A force is said to do work when a 
body moves under its action. 

The work done by a force is called “Mechanical Work” as 
distinguished from other types of work. 

Def. The work done by a constant force is defined ai the product 
of the force and the displacement of its point of application in its 
direction. 

Thus, if the displacement S takes place in a direction making 

/_ 0 with the force F ; then 

Work = Fxresolved part of S 

along AC. 

W=F . S cos 0 

or S . F cos 0. ...(I) 

Thus work done is also equal 
to the. product of the “displacement 
and the resolved part of force in its 
direction." 



A O/SPL A CE MENT(S ) B 


8 11 Simple Deductions. 1. If 0 = 0, t.e., the displace¬ 
ment takes place in the direction of the force, W = F . S = ForceX 
Displacement ; * Tir ' 

2. 11 0=180 , i.e. t displacement in 

that of force, W= — F . S ; 


3. II 0 = 90\ i.e., the displacement 

t » r ^ n n r. * 


...(II) 

the direction opposite to 

...(III) 

is at right angles to the 

...(IV) 


gravity from a height h. 
mgh. If a body is lifted 
of motion is opposite to 


force, W=F cos 90° = 0 

so that the force does not work in this case. 

Ex. A body falls from rest under 
1 he amount of work done by its weight is 

through a height h ; then since its direction ui motion is. o^jjosut. iu 
that ol the force of weight, the work mgh is done against the weight 
or we may say work done by the weight is —mgh. 

8 12 Work done by a Variable Force. 

Let a variable force act along the line OX and suppose that 
the particle also moves k 

along OX. If F is the 

magnitude of the force at 
the point P at a distance a 


X 


o ~A o ~h 

- - .. from O, 8W, the small amount of work 

done by the force, considered constant for an indefinitely small 
displacement S.r is F . 8x 


or 


5\V = F . S.r. 
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Hence the total work done as the particle mo/cs from 

x=a to x=-b 


as 


W = 


J 


F dx 


8 13 Graphical Representation of Work When the force 
F is variable, it may be taken as dependent of r (the d.stance) so that 

F = f(r) , , , 

If we draw a graph by plotting the distance r moved by the 

_ . . ■ r . 1. _ Fv..- a,-. ^Irvncr * ✓ 


point of application of the force along 
an axis OX and the values of the force 
for different values of * parallel toa 
particular axis OY. The curveTQM 
-obtained in this way is called Force- 


> 



The area of the strip PQ' of 
breadth dx is PQ. dx or F . dr. where 
F is the value of the force when a:—Ol - 

Tf OA = .r,. OB=.r 2 
the work done by F between these limits 

^ F,f.r 



i_LL_J- 

A rr B 


\ 


which represents the area under the curve I,Q>1. , . 

Hence the area under the forcc-d.stance graph g.ves 

the work done by the force. ^ pai ticu , ar whc „ the 

force is constant the force- distance 
graph is a straight line parallel to 
,he axis of .r and the work done 
is represented by the area of a 
rectangle and is equal to 

F(j'o = .ri)- 



1 centimetre in the direction of the force. 

This unit is called an Erg. . .. » _ p 0 ot- 

t™> The unit of work -d by engmee. 

Pound. It is the work done in raising 

through 1 foot. 

Since 1 lb. wt .=g poundals 

1 ft. lb. ={/ ft- poundals. 
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The C.G.S. gravitation, unit is called Kilogram-metre. This 
is the work done in raising a kilogram (1000 grammes) through one 
metre (100 cm.). 

A kgm. metre —10 5 gramme centimetres. 

One gramme centimetre=#(981) ergs. 

8 2 Work done in stretching an elastic string. 

Let l be the natural length of the string whose one end is 
fixed. Let it be stretched to a length l-\-x. The tension T of the 
string then is 

Aar 

~~T' 

As the string is stretched the force applied at any instant is 
always equal to the tension of the string. 

. Therefore 8W the small amount of work done in stretching the 
string a further distance 8x is 

T 8x or 8W=T8x. 

The total work done in stretching the string from the natural 
length / to a length / -f--r is given by 



C 

Xi 


o 

A 

B 

c vv 


=r 

Ar 

— dx 


• 

• • 

W=-|- 

X 2 
*2~ # 


<«) 
given by 

The work done in increasing the 


w— f V2 

J.v x 

~xdx 

X X 2 I A*2 


A 

~ l 

(• r 2 2 — 
2 

Cl 

r* 

• • 



' x z -^-x l 

• 

1 

Cl 


l l 

. 2 




T dx 




...(H) 

...(III) 


A.fo . 


Aaq . 


Now is the final tension (at G) and ^- l is the initial 
tension (at B). 

A(.r,-fa\,) . 

2 ~ ” ~ 1S l ‘ ie mean of the initial and final tensions. 

Also (-r 2 —x,) is the extension (BC). 

Hence the uorlc done is the product of the mean of initial and final 
te?isions and the extension. 
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8 21 Graphical Method. Since T— — x. 
tance graph is a straight line whose n 
slope is —j~- 

Let OA = 1 be the initial length 

and ON =l + x, the final length. The 

work done in stretching the string from 

a length l to a length l + x 

— area APN = 1AN.NP. 

1 


The Force Dis 


W= 


>. 


1 


T AN2= 2 


o 


o 


/ 

* 


C A 



/ 


N X 


Also W=-.AN.NP =-i-a:.T=-J r (Tension x Extension). 

2 — ^ 


(P U., 1952 S) 

Ex 1 An elastic string of natural length 2 feet is stretched 
1 inch by a weight of 1 lb. Find the work done in stretching it from 

a length of 2k ft. to 3 ft. 

The fact that 1 lb. wt. stretches the string 1 inch enables us to- 
find A for 


i _! 

9 12 


A = 24(7. 


Initial tension for an extension of 6 inches is 

T,=>{=6 g. 

Final tension for an extension of 1 feet is 

Tj =|-.1 = 12 g 

• the mean of the initial and final tension 

= 1 ^ =9g. 

The extension = 6 inches = £ ft. 
work done = 9xJ=4i h- lb. 

Ex 2 A man is drawing water from a well with a light bucket 

which leaks uniformly , the pail when full weighs ff'^^if the 
arrives al the top half of the water remains. Find the uorh doastftto 

depth of well is 100 ft. 
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Initial mass=50 lbs. 
Final mass =25 lbs. 


Leakage in travelling 100 ft.=25 lbs, 



Mass of the water at height x 
=( 50-lbs. 

Force of weight at height x 
x=f 50-^ lbs. wt. 


which is a variable force. 

,100 

Work done 


-r 


( 



= 3750 ft. lbs. 



Exercise VTII (A) 


1. Define work and find an expression for the work done by a 
variable force which moves a body in its own line of action. 


Prove that the work done in 
length d and modulus of elasticity 

d 


2A 


-(TV-TV). 


stretching an elastic string of natural 
A from tension T x to tension T 2 is 

(P XJ .) 


2. An clastic string ot natural length 3 ft. is stretched 2 inches 

l»y a weight of 1 lb. hanging on it. Find the work done in stretching 
it from a length of 31 ft. to 41 ft. (-P-^O 

3. A particle of mass w, moves from a distance x x to a distance 
.r., towards the centre of the earth. The force of attraction varying 
inversely as the square of the distance from earth s centre, show 

that the work done is mgar — ~' ) where a is the radius of the 
earth. 


4. A man of weight ic hangs at the end o r a light elastic rope 
whose modulus is aw, the other end being fastened t a fixed point. 
He proceeds to climb up the rope. Prove that when he reaches 

the fixed point, he has done times the work he would have 

1 2?*-f-2 

to do in climbing the same distance upon inextensible rope. 

(P.17., 1961 ) 

5. A locomotive weighing 55 tons is subject to frictional and 
air resistance at the rate of 12 lbs. wt. per ton. What work must be 
done in moving it through half a mile with an acceleration of ift: 
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ft /sec . , What amount of work per second will the force be doing 

“ ** SSMSK: 

cal neck of a bottle. If the k in contac t with the bottle. 

tional to the surface area ol the cork, assuming that 

calculate the work done m draw" g °d thatthe pull at the start is 
initially the whole cork is in the bottle and tl .at tn , , pj; ) 

48 lbs.; the effect of air pressure be.ng neglected. 

8-3 Power. Power is rate ^ s d^work, v C ;i t.ie — 

Pow W er k wldch e is n equi'valent^to 550 ft lbs. per second or 33000 ft. lbs. 

Perm Th e C.G.S. unit of power is the watt which .s 10‘ ergs per 

second of 1 Joule per second. 

One horse power is equivalent to 746 watts. 

If a force of F lb. wt. is moving its point ofapp^ca^ ^ wQrk 
tf°pcr °--d f °„r (tk 1 “f S is Fxr ft. lb. and the HP. is 

Kv 

“L 3. What i* the Hors; Paver of an 

10 tT Z Teed is uniform ,be pul. of the engine is e q ual to die 

total resistance? it 1 50 X 10 or 1500 lb. wt. 

Now 60 miles per hour -»» r 1h 

• the work done per second = 1 500 X 88 t. 

** i r nA v . OO 


1500X 88 

H-P* = 550 


240. 


. v 100 ton * is ascending uniformly an 

~ix. 4. A train of moss 101 ^ friction etc., ts equal t> 

incline of 1 in 280 anl the resistan J 7/ p J and be working at full 

If: IJtt irt oer ton if the engine be oj ~ 

^^ '^re^ncl'due'to fricdonl .600 lb. wt. •••(»> 

G = component of the weight down the slope 
' = 100x nhn toils = 800 lbs. wt. * 

the speed is constant, the pull of the engine must be equa 

to the sum of R and G. 
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the pull = 1600+ 800 = 2400 lb. wt. 

But the total work which the engine can do is 200 X 550 ft. lbs. 
per sec. 


2400y=200x550 

or t; = i £2 a ft. per sec. 

= 31J miles per hour. 

Ex. 5. Find the least H.P. of an engine which is capable of 
g<iterating in a train of mass 100 tons , a velocity of 30 miles per hour 
in 4 minutes on a level line , the resistance due to friction etc., being 
equal to 8 lbs. wt. per ton and the pull of the engine being assutned 
constant. 


30 miles per hour=44 ft. per sec. 

Since a velocity of 44 ft. per second is generated is 240 seconds, 
the acceleration of the train = oJ. (v 44=0+/.240) 

Let the force exerted by the engine be P poundals, the resistance 
due to friction is 800 lbs. wt. Hence the net force on the train is 
P— 800</ poundals. 


the 

30 m.p.h. 


P- 800r/ = 100 X 2240 x U 

P = 800({7 + A ^ 4 ) poundals 
= 800 X Vs" lbs. wt. 

work done per second when the train is moving at 

= 800 x Vs* X 44 ft. lbs. 


H.P. = 


800x125x44 
-48x550 =I663 


Exercise VIII (B) 

1. The total mass of an engine and train is 200 tons. What is 
the II.P. of the engine if it can just keep the train moving at a uni¬ 
form speed of 60 m.p.h. on the level, the resistances due to friction 
etc., amounting to 10 lbs. wt. per ton ? 

2. A steam crane of 6 horse-power raises a load to a height of 
100 ft. in 5 minutes. What is the greatest possible weight of the 
load ? 

3. Find the uniform force that will move 1 lb. mass from rest 
through 1 foot in 1 second. 

If this fjrcc is exerted while the mass moves through 75 yards 
from rest ; find the number of foot poundals of work done by the force 
and the maximum horse-power attained. ( P.U. B.Sc , 1960) 

4. An engine working at 500 H.P. pulls a train of 200 tons 

along a level track, the resistance being 16 lbs. per ton. When 
the velocity of the train is 30 m.p.h., find its acceleration. (P.U.) 

5. A train of mass 200 tons is drawn up an incline of 3 in 500, 

at the rate of 30 m.p.h., the engine exerting 600 H.P., calculate the 
resistance per ton due to friction. (P.U.)> 
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6 An engine of 200 H.P. is taking a train of mass 150 tons up 
an incline of 1 & in 224 and the resistance is p lb. wt. per ton mass. 
What is the maximum uniform speed of the tram m m.p.h. . 

7 A train of mass M lbs. is amending a smooth incline of 
1 in n and when the velocity of the tram is v It. per second, its 
acceleration is / ft./scc. 2 , find the effective horse-power of the^engmc^ 

8 A locomotive engine developing its maximum horse power 

of 500 and weighing with tbe tram '^OO ton wt. “ 

™ its s 7pv) 

possihie draws a .oad of » lb,, up.an incline 

of inclination a to the horizon, tlje coefficient °^£X>nfu It^ui,« 

horsepower at which the 

engine has worked is 

m 7L ( _il -f n cos a + sin a )■ 

1100 V <7* ' 

10. Find the H.P.of an engine| which,can travel 

25 miles per hour up an incline of 1 in , ^ fl . ic tion etc., being 

and load being 10 tons and the resistanc (PJ7. 196S) 

i a ii.« nor toil. 


10 lbs. weight per ton. 

11 An engine of mass 30 tons pulls altei i . 0 r 

1 30 tons. Calculate the force ex erted by den”me^^ hour . 

first mile from the start the speed be raised (P.U. 1965 


train of mass 


) 


(B) Work and Energy 

8 4 Energy. The capacity of a body t > do work is known as 

EnC S A V body may possess^ duc^o^eL^reYectrkity. 

“ echinicaI encrffy 1 ,s 

the object of our study in Dynam.es. 

Mechanical Energy is of two VP- ^ ^ ^ * 

(0 Kincite Energy {K.EJ ^ m „ MSured b y the amount of 
to do work in virtue °f ' /ave to do in bringing it to rest. 

„»r/r which Ike .mpressed for « « • „ lhe capacity of a body to 

(ii) Potential Energy (l E.) J e d by the amount of work 

do utork in virtue of its ^ 4 « » «• i ’"“ al 

that the impressed force a Position). For Examples see 

position (known as Stanaar 

Art. 8 4 3. f Energy are same as those for 

Note. Obviously the units for Energy 

work. 
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8 41 Measure of K.E. of a mass m» moving with 
velocity u. 

Let a mass m be movir g along a st. line OX (or a curve) with 

velocity v at 

any instant /j- 

Then if it* 

(ir * if) distance mea- 

A («=«) C(r=«') B(t- = 0) J sured from a 

i • / on the line 

O s—a s P s c ^ (or t j ie C urve) 

s be s ; its 

velocity is 

o at 

and accelera- 


O s=as P s = c 


s = b 




d-s 


dv 


tion ,s ,7^ or r as 


of mot 


Consequently the force F, which acts opposite to the direction 
tion, in order to bring it to rest is given by 


_ dv 

F= — mv j—. 

ds 


-(I) 


Let velocity at A be u and that at B be zero. 

Let OA=a and OB = &. 

Now, by definition, K.E. at A is equal to the work done by 
the impressed’ force F from A to B, that is till the mass is reduced to 

rest. 

{ h ,, , rb dv , 

F.Z*.= I — mv — . ds 
a J a ds 

= — m I vdv = \mur. 

J a 

Thus K.E. of a mass m moving with a velocity v, in a si. line or 
in a curved path, is given by \ mu- and is measured in Absolute Units 
(i because the force F is measured in Absolute Units). 

Note. 1. K.E. depends upon mass and the velocity of the 
mass and is independent of the path or the direction and the nature 
of forces which bring it to rest. 

2. Impressed force is measured by the rate of change of K.E. 
Rate of change of K.E. relative to distance 

=s- < K E > 


-s-(T-) 
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771V 


dv 

d* 


= Impressed Force. (P.U. 1953)' 

8 42 Principle of Conservation of Work and Energy. 

_ . The chanae in K.E. in any displacement of a parti- 

cle is JguedMthe woric done by the forces which produce that change, 
cie 1 8 r a * Q-ii if thp velocity at a point 

• r A " 


J 


rdf 


-j: 


mv 


J v f« j 1 

?ds=m v dv = -R 

Is J u 


! *> 

mu -— 


2 


m // - 


b ' anda tZnZ\ PO‘en.ia. ^"dlp^’a 

above the ground, a clock whcn 1 . j enC rgy, viz., the work it can 

r do^ V t r pandfn7«o«he volume U would occupy in the atmosphere. 

8 44 Principle of Conservation of Energy ^ ^ ^ 

A particle of mats m falls f kinetic energies is constant 

Shore that the & urn of its potential and Kinetic 0 ^ ^ ^ ^ 

throughout the motion. k the pait icle 

The Potential energy a. a * “ ''!' ua , 

can do in falling to the 8 r ° u ” height h, viz., -f-— 

to the work done in ra.s.ng it to a ne.g 

mgh. 


K.E. at A = 0 .••(!) 

... Sum of K.E. and P E. at A =™<jh. ...(A 

Let v be the velocity of the particle when 
has fallen through a distance xjo^a point ^ 

,hCn Its kinetic energy at *“* (Vv) 

Its potential energy at P=»!/(/<-*) " 

.-. Sum of K.E. and P E. at 1 

On reaching ~(he^ ground the' velocity V is 

given by v*=2»7i ; 

P.E. at 13 = 0. 

K.E. at 13 = £ rnW i -\-rngh. 


h 


_l 


v-V 


standard 
<=> 05 ’ T/ON 


... (V) 
...(VI). 
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Sum of K.E. and P.E. at B=mgh. •••(C) 

From (A), (B) and (C) ; theorem follows. 

In fact on reaching the ground, the potential energy has been 
transformed into kinetic energy. 

g 45 The example of the previous article is a simple illustra¬ 
tion of the Principle of the Conservation of Energy which may be 
stated as follows : 

If a body (or system of bodies) be in motion under a conservative 
system of forces, the sum of its kinetic and potential energies is constant. 

Def. Forces. of the kind which occur in the material universe, 
are said to be conservative when they depend on the position or configura¬ 
tion only of the system of bodies and not on the velocity or direction of 
motion of the bodies. 

Thus from a conservative system are excluded forces of the 
nature of friction or forces such as the resistance of the air which 
varies as some power of the velocity. 

In most cases dealt with in Dynamics the conservative system 
of forces are those due to gravity. Other examples of conservative 
forces arc (i) the attraction between two particles which is a function 
of their mutual distance (**) any force which acts towards a fixed 
point and is a definite function of the distance from that point. 
The principle of energy is most commonly used when considering 
motion under gravity ; it tells us that in the absence of friction and 
impacts, for any loss of kinetic energy there must be an equal gain 
in potential energy and vice versa. 

Ex. Thus for a body sliding down a smooth inclined plane 
the kinetic energy acquired is equal to the loss of potential energy. 

The kinetic energy, and, therefore, the velocity acquired in 
sliding down the plane is the same as that acquired by falling 
vertically through the height of the plane. Similarly for a particle 
sliding down any smooth curve the velocity at the bottom depends 
only on the vertical height descended. 

Caution. This principle should never be used in problems where 
there is any friction or any i ud fen jerk or impact. 

Ex. 6 . Find the kinetic energy acquired by a wt. of kilogram in 
falling through a metre. 

K.E acquired =981000 X 100 ergs =98-1 x 10 G ergs. 

Ex. 7. A stone weighing -t lbs. falls through S ft. What is its 
kinetic energy and what force will stop it in 2 ft ? 

Kinetic energy = work done by gravity 

= weight X distance fallen 
= 4x8 ft. lbs. = 32 ft. lbs. 
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Let P lbs. be the force required to stop it in 2 ft. Then a force 
of P lbs. acts upwards and the weight 4 lbs. acts downwards. Hence 
the upward force retarding the motion of the stone is 

(P — 4) lb. wt. 


When the stone is brought to r< st, work done against 
retarding force = Loss in K..E. 

(P-4)x2 = 32. 

P — 20 lb. wt. 


Ex. 8. A mass of 12 lbs. is attached to one end of an elastic 
siring of natural length 4 feet whose other end is fixed at a point A. 
The modulus of the string is such that 12 lb. mass hanging vertically 
would stretch the string 6 inches. The mass is held at A and at'owed 
to fall vertically. How far below A will it come to rest ? 

Since 12 lb. wt. stretches the string \ foot 



A = 96<7 poundals. 


Initially the mass is at rest and finally it comes to rest, 
kinetic energy is zero initially and in the end. Hence the 
in the kinetic energy is zero. 


the 

change 


By the principle of work and energy the work done in 
a distance x is 0. 

The work done by the wt. = — 1 2gx ft. poundals. 

The work done by the string in stretching to a length x 

_ JL 

” — 2 


^ 7 (*-4)* =-I2«/(x—I) 2 


falling 


As the 


or 


• • 


total work done 
1 2gx — 12j/(x— 4) 2 
x — (x 2 — 8x4-16) 

x 2 — 9x4- 16 


0 
0 
0 
0 

_ 9-f 


x = 


V 81—64 
2 


_ 9 4- v/ 17_ =6-56 ft. 

2 


r r-Jr srts s “S,«Js 

string. . .... 

Ex. 9. Find the velocity of a 10 lb shot that unit just pass 
through a plate 0 inches thick the resistance being ions. 


Let u be the velocity of the shot in feet pci sec 
Resistance = 84 x 2240 X 32 poundals. 
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The equation of work is 

change in Kinetic Energy=the work done. 

iXl0x0-£xl0tt 2 =-84x2240x32x- 1 V 

u 2 = 63x32x448 

or ' u= 672y/2 ft. per sec. 

Ex 10 Apply the Principle of Energy in finding the accelera¬ 
tion of two particles connected by a string placed over a smooth pulley. ^ ^ 

Sol. Let m lt m 2 be the masses hanging by a string and let ar 

be the distance moved by each so that the velocity 

dx 

= Ht ' 

Whence K.E. of the system 

-1- (ar )'+*”.(%)' •••<■> 

Also work done by gravity 

= m 1 gx—m 2 gx. ...(II) 

Now 7ii t m wes | , the work done by T on m t 
equal and opposite to the work done by T on % 
rn,Q which is moving f , therefore that need not be con- 
J sidered. 

By Principle of Work and Energy, from I and II 

d 2 

i(m 1 +m 2 ) ) ={m 1 — m 2 )g.r. ...(II) 

Whence on differentiation w.r.t. t 

, , v dx d~x . . dx 



or that 


/=-— 


w 


m j 


‘J 


8 36. In problems where a mass loses velocity owing to the 
action of a retarding force, e.;/., a bullet passing through a plank or a 
train being pulled up by its brakes we can obtain a measure of the 
retarding force in two ways : 


(1) If we know the time during which the force acts and the 
initial and final velocities u and v of the mass m then if F is the 
average force 


Impulse = Change in Momentum 

(Impulse = force x time. See Art. 8*5) 

F xt = m(u — v). 


or 
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(2) If we know the distance s travelled during the retardation, 
we can obtain the average force by equating the work done to the 
loss of kinetic energy, i.e., 

F« = Jm(w 2 -t> 2 ). 

It must be clearly understood that the force obtained is an 
average force, the time average or tlie space average respec¬ 
tively. 

Ex. II. An avalanche weighing 3000 lb*, has fallen through 
700 ft. What is its K.E. now and what force will stop it in 200 ft. ? 

{P.U.) 

(it) What force will stop it in 200 seconds ? 

The velocity V acquired in falling under gravity through 700 ft. 
is V=V2^T= V2 x32x 700 = 80 x /7 f.p.s. 

K.E. = £ mV 2 = \ X 3000 x6400 x 7 ft. lbs. = 187 5 ft. tons. 

By Principle of Work and Energy, if F is the required upward 

force 

(F— mg)s=\ mu 2 —b in a 2 . •••(!) 

or (F — 3000 0)200 = \ X 3000x6400x7 

F= 13500 lbs. wt. 

(tt) If P is the required force, its impulse (P — nig)t is equal to 
change of momentum = 7/t(0 —80 v/7) 

(P — 3000 g) 200 = 3000 X 80 yj 7 

or P=(3000+ 75 ^ — ) lbs - wt ' 

The reader should note the difference in the values of F 
and P. 


Exercise VIII C 

1 A body of mass 5 lbs. is projected vertically upwards with 
a velocity of 40 ft. per second. What is its kmet,c energy («) at the 
moment of projection, (it) after 1 second ? (...) Deduce the distance 
travelled in 1 sec by Principle or Work and Energy. 

2 What is the potential energy of 6000 gallons of water 

which has been raised 50 ft. above the ground ? (1 gallon of water 

weighs 10 lbs.) , . . r 

3. Determine the horse power which could be obtained from 

the kinetic energy of a stream at a place where t le v\ t t i is 
the mean depth 20 ft. and the mean velocity 4 h miles per houi. 

[1 cubic ft. of water weighs 62 5 lbs.] 

4 . A steamer of 22000 H P. makes a run of 3300 miles in 
10 days. Find the average resistance to the motion. 

5. A labourer has to supply bricks to a bricklayer vertically 
above him at a height of 12 feet. He throws them up so that they 
reach the bricklayer with a velocity of 12 f.p.s. What proportion 
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of work could he save if he threw them so that they might just reach 

the brick-layer ? *' 

6 . What is the kinetic energy of a bullet weighing 3 lbs. when 
moving with a velocity of 30 ft. per second ? The bullet loses a 
velocity of 5 ft. per second in passing through a plank. How many 
such uniform planks will it pass through completely before coming 
to rest, resistance of the planks is supposed to be uniform ? 

7 A bullet passes through two planks in succession. Its 
original velocity is 1200 ft. per sec. and it loses a velocity of 200 ft. 
per sec. in penetrating each plank. Find the ratio of the thickness 
of two planks, assuming that they offer the same average resistance. - 

8 . A mass of 4 lbs. falls vertically through 100 feet from rest 
and is then brought to rest by penetrating into sand. Find the 
mean force exerted by the sand if it stops the mass ( i) in 2 sec £™Is 

(it) in 2 ft. 

9 What is the kinetic energy of a bullet weighing a 1 - lb. and 
travelling with a speed of 1200 f.p.s. ? What fraction of its kinetic 
energy has it lost when passing through a fixed block 15 inches 
thick which offers an average resistance of 400 lbs. weight ? What 
thickness of the next similar block will it pierce before coming to rest ? 

(■P XJ.) 

10. A truck weighing 15 tons and travelling at 6 feet per 

second runs into a spring buffer which compresses half an inch per 
ton. Prove that the maximum compression of the spring buffer will 
be nearly 10 inches. (P.£7.) 

11. A steam hammer, of mass 20 tons, falls vertically through 

5 ft., being pressed downwards by steam pressure equal to the weight 
of 30 tons, what velocity will it acquire, and how many ft. lbs. of 
work will it do before coming to rest ? (-P XL) 

Further Examples on Principle of Energy 

8 46 Ex. 12. Two particles moving in straight lines, the first 
act'd on hy a constant force , the second acted on by a force doing 
ico>k at a constant rate, each have their velocities increased from V to 
oy 0 ft. ,■ travelling a distance a. Show that the time taken by the second 
is r. 1 of that taken by the first. 

I c t f be the constant acceleration of the first particle then 

4V 2 =V 2 4-2/ri 

r 3V 2 

• I zr - • 

J 2a 

If/, be the time taken 

2V = V 4 ft A 
t V 2a 

l ~ f 3V 

In the case of the second if P be the force, v the speed and H 
the rate of working, 

pv= H. 
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or 


Now 


Integrating 

when 


when 





s=0, v = V. 



s = a, r = 2 V 

8 V 3 Ha V 3 
3 m 3 
H 7V 3 
m 3a 



dv H 


Also 

1,1 dt ^ t; 
vdv - v ± 

dt. 


in 

1 

v 2 H 


• 

• • 

~2 = m 

H-C 

when 

t = 0, 

r=V, 

when 


v = 2V 


H 

V 2 


2V 2 = — 

in 

■ 12 l - ~2 



or 


H 

m 


3 V 2 



2 V 2 



3a 

X 7V 3 * 


9a 

* 2_ 14 V ' 

< 2 9a 3V 2^ 
£, “ 14V ' 2a 28 


Exercise VIII (D) 


1. In starting a train the 
first constant and equals P ; after 
the engine works at a constant 


pull of the engine on the rails is at 
the speed attains a certain value u, 
rate R = Pw. Prove that when the 
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engine has attained a speed v > u, 
start are given by 



M 

Rsr 


(« 2 -fv 2 ). 


the time t and distance x from the 




1961) 


2. A horse pulls a wagon of 10 tons from rest against a cons¬ 
tant resistance of 50 lb. The pull exerted is at first 200 lb. and 
decreases uniformly with the distance until it falls to 60 lb. after a 
distance of 167 feet has been covered. Show that the resultant velocity 
of the wagon is very nearly 6 ft./sec. 


3. A mass rn is attached to one end of an elastic string of 
natural length a, the other end being fixed to a peg. Initially m is 
held near the peg and projected with the velocity v vertically down¬ 
wards. If it moves all along in a st. line, the depth h below the peg, 
of mass m when it is first at rest is given by the equation 

{h ~ a)2 - 

where A is the modulus of elasticity. ( Bombay ) 

4. The resistance to the motion of train is 160 lb. wt. per ton 
mass at all speeds. It is moving on the level with 'uniform speed V 
and comes to an incline of 1 into 70. The engine continues to work at 
the same rate as before. Prove that if v is the velocity and x the 
distance described up the incline in time t then 

v- — V 2 — (6.c — 5Vf). 

v) J 


5. A train of weight M lb. moving at v ft./sec. on the level is 
pulled with a force of P 11). against a resistance of R lb. Show that 
in accelcratin 
the train is 


g from r 0 to t’j ft./sec. the distance in feet described by 


M f 'i vdn 

V J »-o 


(y. A ring of mass m slides on a smooth vertical rod, attached 
to the ring is a slight string passing over a smooth peg distant a from 
the rod and the other end of this string is a mass The 

ring is held on a level with the peg and released. Show that it first 

comes to rest after falling a distance “/r-—— t* 

M- — m- 


7. A light string ABODE whose middle point is G passes 
through smooth rings B, D which are fixed in a horizontal plane at a 
distance 2a apart. 1 o each of the points A, G, E is attached a mass m. 
Initially C is held at rest at O. the middle point of BD and is then set 
free. Show that G will come to instantaneous rest when 
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Show also that when G has fallen through — from O its velocity is 


V 


25 ag 

86 


dv 

m dt dt 


(C) Impulse and Energy 

8 5 Impulse of a constant force in a given time is equal 
to the 'product of the force and the time t during which it acts, 

i.e. y I = P t -.(I) 

Thus when P is constant 

P t = mft = m{v — «) 

(it) when P is Variable, Impulse is defined as the integral of the 
force with respect to time 

1 * f t dv 

0 vdl =J „at dl 

= 1 mdr=m(v— u). 

J o 

Hence in both cases : 

Impulsive of force = Change of momentum produced 
851 Impulse Forces or Blows. 

Suppose the force P is very large but acts only for a very short 
time. The body will move a very short distance whilst the force is 
acting, so that the change of position of the body may be neglected. 
The total effect of the force is measured by the Impulse or the Change 
of momentum it produces. Such a force is called an impulsive force. 

Hence 

An impulsive force is a very great force act in// for a very short time 
so that the change in the position of the particle during the time the force 
acts on it may be neglected. 

Caution. “Impulse” is different from “Impulsive Force . 
These two terms may not be confused. 

An impulsive force or a blow brings in a sudden change of 
motion. Instantaneous changes of velocities take place. I he tike 
of an Impulsive Force is measured by change of momentum {or impulse) 

produced by it. 

Examples of Impulse Forces arc : the blow of a hammer the 
impact of a bullet on a target and the collision ol two billiaid 

balls. 

8 6 Principle of Conservation of Linear Momentum. 

When two bodies A and B impinge then by the ^ xv ° ! 

motion the action of A on B is at any instant during then contact 

equal and opposite to that of B on A. 
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Hence the impulse of the action of A on B is equal and opposite 
the impulse of the action of B on A. 

It follows that the change in the momentum of B is equal and 
opposite to the change in the momentum of A and therefore the sum 
of these changes measured in the same direction is zero. 

Hence the sum of the momenta of the two masse s measured in the 
same direction is unaltered by their impact. ( Panjab , 1958 S) 

8*61 Applications 

If a mass moving with velocity v strike a mass which is 
free to move in the direction of the motion of tn x and the two move 
on as a single inseparable body, there is no loss of momentum. If V 
be the common velocity of the two together after the impact 

X 0 — m x v 

\r= ”h r . 

?n L H- 77 i o 

K.E. before impact = 1 77 ? l t; 2 -f- im. 2 .0 2 = &niv s ...(H) 

K.E. after impact = -i (w,V= > fV ,..(III> 
and this is obviously less than Xmv-. 

Observation. Although there is no loss of monentum there 

is loss of kinetic energy. 

Caution. It is important to realise that the principle of mo- 
mentum can oniy he applied in a direction in which there is no external 
impulse force acting. 

8'62 Motion of a Shot and a Gun 

^ ben a gun is fired the powder is almost instantaneously 
converted into a gas at a very high pressure which by its expansion, 
forces the shot out. The force exerted on the shot forwards is, at 
any instant before the shot leaves the gun, equal and opposite to that 
exerted by the shot on the gun backwards and, therefore, the impulse 
ol this force on the shot is equal and opposite to the impulse of the 
force on the gun. Hence the momentum generated in the shot is 
equal and opposite to that generated in the gun, if the latter be free 
to move. Surely then the gun will recoil. 

It, however, the gun is elevated, the momentum of the gun is 
not equal and opposite to that of the shot. 

1 he horizontal momentum of the gun is equal to the horizontal 
momentum ol the shot but any vertical momentum imparted to the 
gun is at once destroyed by the impulsive pressure of the plane on 
which it stands. 

.Any apparatus for preventing the hoiizontal recoil of the gua 
docs not introduce an impulsive force at the instant of firing. 
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against the fixed 


8 63 Impact of water on surface , 

When a jet of water of 

case of the hose pipe ot a tire . en ^> The amount of momen- 

(destroyed ^ Thus gives us the 

average force on the surface. 

Let v be the velocity of water increasing from the:nozjle o a 
pipe held at right angles to a fixed surface. r °, 5 G f 

of the nozzle and m the mass of unit Y<" ° f "* c ^ h \ nd its 

water issuing from the nozzle in uni water after striking 

momentum is mv 2 ~r 2 . If there be no splash of **™ r ™* d by th * 
the surface, this momentum of water per second .s dest. o> 
impulse of pressure of the wall. Using the result 

Impulse = change in momentum 

we have _ 0 

Pt = mv i nr- 

Since J =1 » 

. P= m v z —r~ 

which gives pressure due to jet water impinging 
surface. . . - , 

Example 13. A body of mass 3 lbs. ^^cdy 3 felt 

per second overtakes a body of mass ~ s. J j j onn oue body, 

per second in the same straight line and they coalesce j 

Find the velocity of this single body. thc 

Let V be the required velocity then sincethe sum 
moments of the two bodies is unaltered by impact, we 

(3 + 2)V-3x 13 + 2x 3=45 
V = 9 ft. per second. 

... jmTJt. AXtWSPZZ ws 

velocity of the gun. . , * O nnosite to that 

Since the momentum of the gun is equal and opposite 

of thc shot, we have 

if v be the velocity communicated to thc g in 

50 X 2240t> = 400 x 900 

Z'vTely uJlly destroyed, uk-.t is Ore pressure of the jet 

upon the plane‘l n j 

The area of the cross-section of the pipe is x square 

and a column 15 ft long is discharged every second. 
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The volume discharged per minute is 

7t 


64 

and its mass = 


x 15 x 60 cu. feet. 


7tx 15x60x 125 


lbs. 


64x2 
= 2762 lbs. nearly. 

The momentum destroyed per second 

7 t x 15 x 15 x 125 


[mass of 1 cu. ft. of 
water=62‘5 lbs] 


128 


ft. lb. units. 


tcx225x 125 , . rD , 

The pressure=-- poundals [F/=7«r, 

= 21 58 lb. wt. 


v t= 1 
.-. P=Wlt)] 


Exercise VXII (E) 

1. A bullet of mass 2 oz. is fired into a target with a velocity of 
1280 ft./see. The mass of the target is 10 lbs. and it is free to move ; 
find the loss of kinetic energy by the impact in ft. poundals. {P-U•) 

2. A shot of mass m is fired from a gun of mass M with 
velocity u relative to the gun ; show that the actual velocities of the 

shot and gun are — and respectively and that their 

kinetic energies are inversely proportional to their masses. Show also 
that the total kinetic energy generated is 

1 Mm „ 

2 M+?n * W " 

3. Prove that the sum of the momenta of two masses, in any 
given direction, is unaltered by their mutual impulsive action. 

A gun ofma's 5 tons discharges a shot of mass 112 lbs. hori¬ 
zontally. The recoil of the gun is opposed by a constant force of 
2 tons wt which brings it to rest in 1 } seconds. Find the velocity 
of the shot, and also the energy of the explosion in foot tons. 

(P.U.) 

4 A ball of 2 oz. in weight falls from a height of 36 feet and 
rebounds to a height of 25 feet. Find the impulse and the average 
force between the ball and the floor, if the duration of the impact is 
Too seconds. {P.U.) 

5. A jet of water of circular cross-section of diameter 2 inches 

and velocity 36 f.p.s. impinges normally upon a plane inelastic wall, 
so that the velocity of the water is destroyed on reaching the wall. 
Calculate the thrust on the wall. {P.U. B.Se , 1960 S) 

6 . A jet of water leaves a nozzle of 1 inch diameter at a speed 
of 50 ft. per second and impinges on a plate fixed at right angles to 
its direction. What pressure is exerted on the plate ? 
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If the nozzle is drawn back with /. " t ^°f y ex ^ te d° on the 
-second in the line of the jet, what pressure the ( p.C/.) 

-plate 1 fn)assM fi shell of mass 

of re P coi,of 

the gun is 

(PU.) 


r 2 m*gh "I* 
\_M(M-\-rn) J 


, ^ i_„, ;< solit into two parts of masses 

8. A body of mass m t fm 2 is •• generates kinetic energy 

move in the sante line as 

before their relative speed is 


V 


7/1 1 7/1 •» 


{P.u.) 


( P.U. 1000 S) 


9. A shell Of mass M is moving with velocity V mthe line AB. 

An internal explosion which 8 cac continue to move in the line 

masses whose ratio is m, :»» 3 . which continue 

AB. Show that their velocities axe 

/2^E v _W?wJL 

V+ V m ,M ' V V«.M 

10. A bullet of mass m moving wuh ycloruy «, bu , lct and is 

^ed^. iS K - ^ “ 

M 7/1V- 

2(M + w) . • 

If the block is afterwards .truckby an 
the same direction with the same velocity, show 

loss of energy equal to m |>2 

2(M + 2/»;(M-1-w0 

11 . A hammer of mass M fall* f ™ ,T j nt * |ht fground a dis- 

fm a *2£ »^e^he = d it being turned to be 

constant and the pile being supp 0 p ^ (b 

12. Prove that if a hammer of mass M ^^''ucick of wood of 

with velocity u feet per second drivc d j„ pounds to the 

mass mi lb ; the average,^ ance^of * ^ ^ ^ „ rccoil , the 


penetration is -M + ^ 2 ^• a,- 

m , M.** - — 

resistance obtained will be ^^ ^ (M + m ) “ fil 


. M- 


( P.U. 1000) 
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Miscellaneous Exercise VII 

1. An engine gets up a velocity of 30 m.p.h. in one minute and 

50 seconds from rest in a train of 200 tons \vt. on a level line. . If the 
resistances are 14 lb. wt. per ton and the velocity is uniformly 
accelerated, find the greatest horse power the engine is developing 
and also the greatest velocity it can get up if this horse power is 
maintained. 1955) 

2. A car is travelling at its maximum speed of 45 m.p.h. on 
the level, the resistance being 100 lb. wt. per ton assumed to be 
independent of the speed. It then climbs a hill of gradient 1 in 20 
and the speed falls until it is steady, the engine then working at the 
same effective horse power as before. Find its steady speed up hill. 

( P.U ., 1954 > 

3. An electric crane raises a load of 5 tons through a height of 
40 feet in 14 seconds at a uniform speed. Assuming that 25 per cent 
of the power supplied is wasted in friction, what is the H.P. that has 
to be supplied to the motor. 

4 . A motor car weighing 1 ton attains a maximum speed of 
32 miles an hour when running freely down a slope of 1 in 10. What 
H.P. must the engine develop to take it up an incline of 1 in 20 at 
this speed ? Why is it impossible to calculate the H.P. at any other 
speed ? 

5. A ton of coal is raised to the surface in a cage whose 
weight is 6 cwt. 80 lbs. from the bottom of a mine 330 feet deep by a 
rope of wt. 2 lb. per foot. Find the work done and the H.P. of an 
engine which can do it in a minute. 


6. A cyclist whose weight added to that of the machine is 
200 lbs., is riding on a level road at the rate of 10 miles an hour, his 
bicycle is geared upto 7J inches and the length of the cranks is 7 
inches ; if the resistance to the motion be 5 lbs. wt., find the down¬ 
ward thrust he must < xert on his pedals and the rate at which he 
works compared with a horse power. 

(Note. “Geared up to 70 inches” means that for every' revolu¬ 
tion of the rider's feet the bicycle advances t:. 70 inches). 

7. A constant force of P lb. wt. is applied vertically upwards 
to a body of mass M lb. for a certain time. It then ceases to act 
and tlu body continues to move upwards to reach its destination in 
a total time ( seconds. Prove that the greatest horse power developed 
by the force of P lb. wt. is (P — M)^//500. 

8. A shell of mass >n is fired from a gun of mass M which can 
recoil freely on a horizontal base and the elevation of the gun is a. 
Prove that the initial inclination of the path of shell to the horizon is 

} 
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9 A shell of mass m is ejected from a gun of mass M by an 
explosion which generates kinetic energy E. Prove that the ini i 

velocity of the shell is 


V 


2ME 
(M-f ?n)m 


assuming that the gun is free to recoil at the instant of explosion. 

10 A shell of mass M is moving. An internal explosion 
generates :m amount E of energy and1 thereby ^e^the shell into 

^Irigi^T Son m Vf The Si. L that the velocity of one 

fragment relative to the other is 

V ~2E w i+ m 2 ( P.U. , 1956 S) 

M y/vn x m z 

11. A mass m after falling freely through * 'fan 

a mass M greater than itself and connecte u > Show that M 

inextensible string passing over smooth fixe, P t * e 

will have returned to its original position at the end 

(P.U., 1958 S) 


2 m 


M 



12. A gun is mounted on a gun a angkT a ^Ttlie 

horizontal plane, and the gun is c c direction inclined at 

horizon ; a shot is fired and leaves ■the g u -» a “ ^ it$ carriage 

an angle 0 to the horizon. If the mass oi b 

be n times that of the shot, show that 


tan0 = ( 1 + -^) tana * 


13. A uniform string of ,^ s particlesattached 

STtrent a,ly Showhy S "hc°'Principle of Energy that when the strmg 

runs ofT the peg, its velocity is __ 

/ M + 2 (m—m') (P.U.) 

/ y M + w + 1n ' 

t> find an expression for the 

14. If the resistance R «• • . hut off and the velocity 

distance described when the power 1 is snut 

decreases from v x to v Q . a 

15. The resistance to an acropU^^when ,a ^‘ a g part ; c „i ar 

per unit mass, v being the spec » » j s found if the landing 

machine 6= 10* 3 ft. lb- per sec. , before coming to rest is 

TSSS&Zt. 21 — - 
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ANSWERS 

Exercise VIXI (A), Page 178 
6 ft. lbs. 5. 45144000 ft. lbs. ; 20520 V To' ft. lbs. per sec- 

6 ft. lbs. 8. 1614000 ft. lbs. 

Exercise VIII (B), Page 180 

H.P. 320 2. 24-4*2 tons. 

2 poundals ; 450 ft. poundals Max. H.P.=ffiy» 

-»i„- f.p. sec 2 . 5. 24 06 lbs. per ton. 

Mv jmf-\-g) 

33^ m.p.h. - 550 ng 

-as ; V=10 4 m.p.h. approx. 

12450 lbs. wt. ; H.P.=905/0. 

H.P. = 21f. 11- 2-/o tons wt. 

Exercise VIII (C), Page 187 

(,') 125 ft. lbs. («) 5 ft. lbs. (m) 124 ft. 

3000000 ft. lbs. 3. 1020 94 H.P. 

267” tons wt. 5. 3:19 

1350 ft. lbs , 3 completely. 

H . g 8. 9 lbs. ; 204 lbs. 

703 1 ft. lbs. ; if ; 6-*o in. 

20>/ 2 *» 250 ft * tons * 

Exercise VIII (E), Page 189 
3160*?- ft. lbs. 3." 1600 f.p.s. ; 2020 ft. tons- 

1 l.F.P.S. units ; 1104 poundals. 

55 2 lbs. wt. 6. 26 6 lbs. wt. ; 9 59 lbs. 

Miscellaneous Exercise VII, Page 196 

672 H.P. ; 90 m.p.h. 2. 21ii m.p.h. 

77 57 H.P. 4. 286-72 H.P. 

333 H.P. 

P = 39} lbs. wt. nearly ; Rate -/ 6 H.P. 

1 i f a+bv.^ 1 

gb ° S J 



CHAPTER IX 

IMPACT OR COLLISION OF ELASTIC BODIES 

91 Elasticity. Elasticity is tendency of a material body 
to resume its original shape or position after compression or 

collision. 

This property comes to our observation, when we compress a 
rubber ball and find that as soon as we release it, it resumes its 
original shape. Again when we drop a glass or ivory or wooden ball 
from a certain height h on to a hard floor, it rebounds through a 
certain height h'. It can be easily observed that 

(t) h' is always less than h. 

(ii) li is different for balls of different materials. 

Now the velocity of each ball on reaching the floor was same, 
„: z v =zW2nh ; but the velocity after leaving the floor is naturally 
different as h' is different for each ball. This shows that there is a 
d “ in the degree of elasticity of each ball depending upon its 

material- It is denofed by e and is known as the Coefficient of blast,- 
city or Restitution. 

The value of e varies from 0 to 1. 

For the mutual impact of two glass balls, e = 0 9 nearly. 

For two ivory balls, e = 0 8 approximately, while for two lead 

balls, e is about 0 2 only. . , , 

There arc two hypothetical stages also, which do not exist in 

reality. They are . 

e = 0 for perfectly inelastic bodies, whilst 

e=\ for perfectly clastic ones. 

The name “Inelastic” is given to those bodies which after 

collision do not separate but move as one single body, e.y il a railwa> 
collision do not . p , ocity u strikes against another at rest (or 

truck moving together. But on a close observation we 

T°A in t\^t the y instant of collision there is a slight restitution just 

after which shows that .he .rucks were no. perfectly 

inelastic. . 

c . -1 1 , t Unrf‘ are no two bodies perfectly elastic though we 

deal with'thcm iu dwo^wWc we sha.l tafe c = . for such bodies. 

9 2 Impact or collision of smooth elastic bod.es 

ii r ^ chill consider the bodies as smooth spheres so 
that th G emu.uL\ a7.io“d^c.ion a, the ins.an. of co.iision is a.ong 

the normal. 
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Since the normal passes through the centre in case of a sphere, 
by considering the spheres to be of same size (though of different 
masses), the line joining their centres, along which the mutual action 
and reaction take place, is parallel to the floor. This shall afford us 
much convenience in dealing with the problems. Impact can be of 
two types. 

Direct. When the direction of motion of each sphere at the 
instant of collision is along the common normal, the impact is said to 
be direct. 

Oblique. When the direction of motion of either or both the 
spheres is not along the common normal, the impact is said to be 
oblique. 

9 21 The whole of the structure of Theory *of Impact is based 
on two principles : 

(i) Principle of Conservation of Linear Momentum (P.C.M.) and 
(if) Newton's Experimental Law ( N.E.L .). 

(?) Principle of Conservation of Linear Momentum has already 
been established in a previous chapter and states that if in a certain 
direction there are no external forces then the total linear momentum 
of the system in that direction remains constant. 

Now. in case of the collision of two smooth spheres, the only 
forces which come into play at the instant of impact are mutual action 
and reaction which by Newton’s III law being equal and opposite 
cancel each other, hence make it possible for us to apply the Principle 
of Momentum. Thus if u lt u z are the velocities of two spheres of 
masses w? lt r/? 2 before impact and t\, v 2 their velocities after impact ; 
then by P.C.M. 

Initial momentum, i.e., m 1 u l -\-m»u 2 = Final momentum, i.e., 

m x v 1 + m 2 v 2 ...(I) 

(ii) Newton's Experimental Law 
(N.E.L.) states that 

When two bodies impinge directly , 
their relative velocity after impact., is in 
a constaut ratio e to their relative velo¬ 
city before impact, and is in the opposite 
direction. The constant ratio e is called 
the coefficient of Elasticity on Res¬ 
titution (explained in Art. 9*1). 

So that ——=—e ...(II) 

u x —u 2 

In case of oblique impact, the fact contained in N.E.L. holds for 
the component velocities along the common normal at the instant of 
impact. 
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q.-i yjjrect Impact of two smooth spheres. 0 

® [Delhi, 1950 ; Panjab, 1961 S ; fJ.Sc , I960 S) 

Let m m. be the masses, «„ « 2 be the velocities before the 

impact and “ those after the impact of two smooth spheres moving 

alone the line of centres. * t? 

T et e be the coefficient of restitution, then by Newton s Expert- 

A A 4* * 


^1— ^ 
M, — ?/ 


= —e 


v t — v 2 = —e(ti 1 — u 2 ) 

QJ* * " 

Also by the Principle of Conservation of Momentum 

m xV x _p 711 2 v 2 =m x u x + w.,w 2 - • • U 1 ) 

Multiplying (I) by »». and adding to (II), we get 

(m 1 +m 2 )t> 1 = (»n.-«" 1 2)«i + ”;=( 1 + c ) u = • (I1 ] 

Multiplying (I) by m t and subtracting from (II), we get 

(m 1 +m) 2 t' 2 ='».(l +e)u l + (m a -em 1 )«. --(IV) 

These equations give v x and v 2 . 

Note It is important to note that u„ v x and v 2 are assumed 
in the same direction which we may call as positive. If any of 
them is in the opposite direction, it will have a negative sign affixed 

to it. 

Cor. 1. The impulse ’of the blow on sphere A = change in the 
momentum of A 

= rn l {u x — v x ) 

7n, m ._>( 1 —1~ <*) ( u i — ?/ g) ...(V) 

/// 1 //I o 

Cor. 2. If two spheres arc perfectly elastic and if their wm.wes 
are equal, i.e. if e=l and 7 ii x = m, then v x = u 2 and v 2 -u x . 

Hence, if two equal perfectly elastic halls impuuje directly they 

interchange their velocities. 

Cor. 3- If the two spheres be inelastic 


...(II) 

...(III) 

..-(IV) 


...(V) 


7 ) 1 , 11 , 4-1/loWo 

e=0, «!=«’== , + ,-^T 


In fact they coalesce into one body in this case after impact , a nd 
move together. 

0-^1 Loss of Kinetic Energy due to direct impact. 

9 31 Loss ot tv. sr {Panjabf 10G2 • Delhi, 1950) 

We have by Algebra 

(m x -\-m 2 ){ni x u x 2 +m 2 u*) = {m x u x +m 2 w 2 ) 2 + u 2 )- ...(I) 

and ( T n 1 +m 2 )(ni l v l 2 -bm 2 v 2 t ) = (m l v x -\-m 2 v 2 ) 2 -\-m l m 2 (v l — v 2 ) 2 ...(I 1 ) 
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...(III) 

...(IV) 


Also from Art. 9’3 above 

m x v x -j- ?MoV o = m i«i -f m^rt 2 
Vj — v 2 = — e(u x — Mo) 

Subtracting (II) from (I) and using (III), (IV), we get 
Loss in K E.^l{m 1 u x 2 ^m. 2 u. 2 2 )-l(m 1 v 1 z -\-rn 2 v 2 2 ) 

= i - (?4 t — Wo)-(l — e 2 ). 

2 77? 1 4-7/2o 

Since e < 1, this is positive and there is always a loss of 
K. Energy. This vanishes only when e=l, i.e., wh.n the spheres are 
perfectly clastic, there is no loss of energy. 

Ex. 1. A ball impinges directly upon another ball at rest , and 
is itself reduced to rest by the impact ; if half of the initial K.E. is 
destroyed in the collision find the coefficient of restiluiion. 

( Panjab , B.Sc., 1962) 

Let rriy, m 2 be the masses of the two balls. Let u be the initial 
velocity of w,, and v the final velocity of 772 2 . Then by P.C.M. 

772 j?/ -r Wo xO=?7/ l xO 

lll.iV = 772 \ U •••(!) 

• • » A 

Also by N.E.L., 

V —0 


0 — u 




or 



v= 

Cll 



Again, i 

nitial 

K E.— 

\m x u? + •> w 2 (0) = 

1 O 

i m 1 u- 

and 


fi nal 

K.E.= 

2 W,(0) + \ 772 oM 2 = 

X m^v 2 . 


Bv Hypothesis, 


\ 772 oV“ = 

\ X 1 772 p/ 2 


or 



m*v 2 = 
%0 

.\ 772 ! 2t“ 



...(H) 


...(III) 


Muhiplsing (I) and (II) and dividing by (HI), we get 

e—\. 


Ex 2 Two spheres of masses M, m impinge directly when 
moving in opposite directions with speeds u, v respectively and the 
.iphi r of mass m is brought to rest by the collision ; prove that 

?•( ?/? — eM) = M (1 -t-e)??. 

After the collision the sphere of mass M is acted on by a constant 
retarding force which brings it to rest after moving a distance a. 
Pinve that the magnitude of this force is 

Mc 2 ( n -i tf 
2a 

Let the velocities of the two spheres after impact be u' and v' : 
then by P.C.M. 

Mm'+772V' = Mm — mv ...(I) 

and bv N.E.L. m'— i>'= — e(it-br). ...(II) 
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Now v' = 0 (Hypothesis) 

= — mv 

u = —e(w + t?). 

Substituting the value of u , we get 

— Me(M-|-t?) = M M — mv. 
t)(m-eM)=M(l+e)u 

MM -l-e)*/ 

v = 


...(TIT) 


(IV) 


or m -- M 

(»i) Kinetic Energy of die sphere M 
v ' =JMe*(*t + ») 1 . 

If this sphere is brought to rest by a force P in moving a 
distance a, then by Principle ofWoik and Energy, 

Pa=jMc*(tf+t>)* 

Me 2 (« 4 v) 2 


P = 


2a 


Exercise IX (A) 

1 A ball of mass 2 lbs. impinges directly on a ball of mass 

1 lb which is at rest. Find the coefficient of restitution if the velocity 
with which the larger ball impinges be equal to the velocity of the 
smaller ball after impact. U u ) 

2 If two int lastic spheres have a direct impact, show that the 

KE lost due to impact is that of a body whose mass is half the 
harmonic mean between those of the spheres and whose velocity is 
equal to their relative velocity before impact. (P.U. 11.> Sc., 19,)9) 

[Hint. Sec Art. 9 31] 

3. Two masses m and m' are moving in the same straight line, 
prove that their Kinetic Energy is 


1 , ,1 mm' 

T + m )V + “2" rn + rn' 


V 2 


where Vis the velocity of their centre of mass and «> is their relative 

velocity. , . 

If there is a direct impact between the masses, prove that then- 

loss of Kinetic energy is 

_L Tn ™ (I-e> 2 

2 m m 

where e is the coefficient of restitution. (Delhi, 1957) 

4 If a ball overtakes a ball of twice its own mass moving with 
one-seventh of its velocity, and if the coefficient of restitution between 
them b; 2 show .hat the fust ball will, after s£hmg.the second ba. 

remain at rest. v * 

5 A ball A moving with velocity u impinges directly on an 
equal ball 13 moving with velocity v in the opposite direction. If A 
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be brought to rest by the impact, show that u : v=l -\-e : 1 —e, where 
e is the coefficient of restitution. (P *^*) 

6. A sphere of mass 1 lb. moving at 10 ft./sec. overtakes 
another sphere of mass 5 lb. moving in the same line at 3 ft/sec. 
Find the loss of Kinetic Energy during impact and show that the 
direction of motion of the first sphere is reversed (coefficient of 
restitution=075). 


7. A sphere of mass m, moving with 
directly on an equal sphere at rest. Find 
impact if 

(i) the coefficient of restitution be 5. 

(it) if the spheres aie perfectly elastic. 

(tii) the spheres are inelastic and after 
into one body. 


velocity u, impinges 
their velocities after 


impact they coalesce 
(P.U. B.Sc., 1960 S) 


8. Three equal elastic spheres A, B, C are lying in a 

straight line in this Older on a smooth floor. Initially B, C 
aie at rest and not in contact and A is given a velocity u towards 
B and G. 11 their coefficient of restitution is find how many 
impacts will take place and find the ultimate vi locities of the three 
spheres. (P-U-) 

9. Two equal spheres A. B lie on a smooth horizontal circular 
groove at opposite ends of a diameter. If A is projected along the 
groove and at the end of time t it impinges on B, show that the 

2 1 

second impact will occur after a further time = — where e is the co- 


efficient of elasticitv. 


(P.U., 1960 S) 


10. If A, B, C be three perfectly elastic balls having masses 
A, B, G and velocities a, />, c respectively, and A impinges upon 
li and 15 upon G, mi that their velocities after the impact are u, v and 
w respectively r being the velocity of B after its impact with C : 
prove that 

A.a- + B7/-4 -C.c 2 = Am 2 4 Be 2 4- Cw 2 . 

11. The masses of three perfectly clastic spheres A. B, G are 
7 m, 7 in nd m ; their centres are in a st. line and G lies between A 
and 15. Initially A and B are at rest and G is given a velocity along 
the line of centres towards A. Show that it strikes A twice and B 

once and the final velocities of A, B, C are proportional to 21, 12, 1. 

(Delhi) 

94 Impact of a smooth sphere on a fixed smooth 
plane. 

-1 smooth sphere (or particle) of mass m and coefficient of restitution- 
e, impinges obliquely on a fixed smooth plane ; to find the subsequent 

9 notion. (Delhi, 195S, 57 ; Panjab , 1957 S ) 
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Let AB be the fixed plane, O the point at which the sphere 

_ _ . i . l _1 ___ — . 


impinges and OP the normal to the plane 
at O. Let the velocity of the sphere at 
impact be u and the direction of motion of 
its centre make an angle a with OP- 
Let the velocity after impact be v making 
an angle 0 with the normal OP. 

is defined as the angle of incidence, 
where/_0 is known as angle of reflection. 


A 



FIXED PLANE 


Since the plane and sphere arc 
■smooth there is no force parallel to the . 

plane,*hence the component of the velocity of the sphere tn ,1ns 

direction remains unaltered. ^ „ <it 

v sin 0=« sm a • 

• • 

Also by Newton’s Experimental Law. the relative velocity along 
the normal after impact is —e times that before impact measured in 

the same direction. 

If V' be the normal component of velocity alter impact 

V = r cos 0 

v cos 0 — 0=— e (—« cos a 0) 

. V = v cos 0 — eu cos a ...(11) 

The velocity after impact has, therefore, two components u sin a 
narallcl to AB and eu cos a parallel to the normal OP. The resultant 
velocity v after impact is obtained from (I) and (II) by squaring 

and adding, we have - .j,,. 

v — n v/sin 2 a |-e- cos- a ...(ill) 

m sin a tan a 

and tanO = 


...(IV) 


or 


eu cos a e 
cot 0=c cot a 

9 41 More Results. 

(1) The impulse of the blow (due to the impact) is measured 
by the change of momentum along the normal. If the mass of the 

sphere is m, 

I =mu cos a -f- me it cos <x—mu(\-}-e) cos a ...(v) 

(2) Loss of K.E. = !«m 2 -W = l"»' £ [l- £! ] cos2 a • (VI) 

(31 If e = l the velocity after impact is u and 6=«j. the sphere 

after impact rebounds. so Hurt the angle of reflect,on ,s equal to the angle 

of incidence. „ , ~ 

( 4 ) If e = 0 there is no velocity along the normal after impact 

and the sphere slides along the plane with velocity u sin a. 

(5) If a = 0, then 0 = 0 and v=eu 

ie , “// a sphere impinges normally on a plane, it rebounds back 
unth velocity eu\ 
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Ex 3. A particle falls from a height h in timet upon a fixed 
hori-ontal plane. It rebounds and reaches the maximum height h in 
Ze f Show that t' =et and fcWA, where e is the coefficient of restitu¬ 
tion. Show also that the whole distance described before the particle has 

finished rebounding is 

1 + e- . 

h. 


(Delhi, 1959 ) 


V 


(Panjab, 1962, 59 ; Delhi , 53) 


t •> 

1 — e- 

and that the whole time taken is 

2h 
0 

Let u be the velocity of the particle on first hitting the 
plane, so that 

u-=2gh. 

The particle rebounds with velocity eu. The velocity when it 
hits the plane the second time is again eu and the velocity alter tne 
second rebound is e 2 «. Similarly the velocities after the third, 
fourth etc , rebounds are e 3 u, e*u etc. The height to which the 
particle rises after the first rebound is 

( c, 0 a ...(II) 

2f7 ’ 

/ O ^ v> 

and after the second _— and so on. 

1 «9 

Also v u-=2gh so that these distances are e-h, e*h, etc. 

Thus h' = e-li. ...(HI) 

The whole distance described is 

li -f- 2(t -h-\-e l h -f-.to infinity) 

i 2 Ml -he 2 ) 


=h + 2h 


1 — r- 


I — e- 


2 eu 


rhe time of flight after the first impact (up and down) is ——- * 

%7 

n 2 | # 

after the second -- etc. and so on and the time of falling origi¬ 


nally 


V 


2 h 




'/ 

Thus 


t’ — et- 

Hence the whole time of motion is 

2h , 2?/ 


...(V) 


-4- ~ [c-f e 2 + e 3 +to infinity] 

VfD+^W ? i- 


e. 

e 
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Also note that velocities in the beginning of successive rebounds 

are as 1 : e. 

Ex 4 A ball ii projected with a velocity u at an angle Q to the 
horizon from a point in a smooth horizontal plane Find the total 
rajige and the total time of flight, if e be the coefficient of elasticity . 


The ball moves in a trajectory and the first horizontal range 

2u~ sin 0 cos 0 

- g - 


(i) 



horizontal and again 
describes a parabola 
and then again it 
rebounds at C and 
so on there is a scries 
of parabolas. 

Initial vertical component of velocity = u sin 0. 

Hence the vertical components a. the successive rebounds are 
eu sin 0, e 2 u sin 6, e 3 u sin 0,. 

2// sin 0 

Time of flight for first parabola = 


>y *» 


yt 


9 * 


9 y 


second 


9 > 


9 9 


9 9 


third »> 

and so on 
2 u sin 0 


0 

2eu sin 0 

“ y 

2e 2 u sin 0 


U 


2 u sin 0 

(1 +e + e 2 -f-.to ~>)= (J j l zr e) 


total time of flight— (J 

< • - -»T u “" 

in time — sm — in the horizontal 

... total distance covered in time 

direction . 

_2usm0 XM CQS 0 

“ r/( l — c ) 

u 2 sin 20^ 

= J/l 1 — e ) 

Afterwards when it eeases to rebound, it moves along the given 
plane with velocity of u cos 0. 
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Exercise IX (B) 

1. A ball moving with a velocity of 10 feet per second, 
impinges on a smooth fixed plane at an angle of 45° ; if the^ coefficient 
of restitution be $, find the velocity and direction of motion of the 
ball after impact. 

2. A sphere of mass 2 1b., moving with a velocity of 12 ft. 
per second, impinges on a smooth fixed plane in a direction making 
60° with the normal to the plane, find velocity and direction of 
motion after impact, the coefficient of elasticity being 0 - 75. Find 
al o the loss in kinetic energy and the impulse on the plane due to 
the impact. 

3. A ball falls from a height of 16 feet upon a plane inclined 
at (1) 30°, (2) 45", (3) 60° to the horizon ; find the velocity and 
dii ection of motion after the impact in the three cases, the coeffi¬ 
cient and restitution being J. 

4. A ball is projected vertically with a velocity of 80 ft./sec. 
The moment it reaches the highest point, a second ball is thrown 
after it from the same point. How high will they collide ? If the 
coefficient of restitution be ?> find the time the second ball takes 
to reach the ground. 

5. A ball moving with a velocity of 20 ft /see. impinges on a 
fixed smooth plane in a direction making an angle of 30° with the 
plane, if the coefficient of restitution be =j, find the velocity and 
direction of motion of the ball after impact. 

6. An clastic ball of mass rn is projected vertically upwards 

from a point on a horizontal plane with a velocity u. If the co¬ 
efficient of restitution be c, find the total space described by it and 
the time that elapses upon the instant of its nth rebound. What is 
the kinetic energy after the -nth rebound ? ( P.U.) 

7. A steel ball falling from a height of 125 cm. on a horizontal 
steel plate rises to a bright of 51 2 cm. after rebounding twice. 
What is the coefficient of restitution ? 

8. A smooth circular table is surrounded by a smooth rim 
whose interior surface is vertical. Show that a ball whose coefficient 
of restitution is e, projected along the table from a point on the rim 
in direction making an angle U with the radius through the point will 
return to the point of ptojection af'.er two impacts if 


0 


tan 



(P.U.) 


9. A pat tide is projected in a direction inclined to the vertical 
and bounces on the smooth horizontal plane. If the coefficient of 
restitution be e, and the range of one bound is r find the range of 
the next. (P.U.) 
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^L. 


U. Sin c£ 


U 2 Smc<. 


Vz 


9 5. Oblique impact of two sphere^: ^ / , anja6 , 10 61 ) 

Let C x , C., be the centres of the spheres, m,, m 2 their 

masses and let their velocities \u z 

Ul and « 2 be inclined at 

angles a and {} to the line of \ I \ 

centres C X C 2 at tne moment W ^ 

of impact. -(■ - 7 ^ T 1 

Since there is no force y A V* A z \/ 

coming into play in the direc- V/ 

tion perpendicular to the -Nv 

common normal C x C 2 . * \ 5^c< 

The components ot ' z 

velocity perpendicular to C.C.. unaltere d by the impact. 

i.e., p, sin « and p a sm p rema after impact 

If n’" d <4 w'ith’the line of centres, wc have 

making angles 0 and + with the ... (I ) 

Vj sin 0 = u 1 sin a ...<„) 

\ r x sill <f> = u 2 sin P 

By the Principle of Conservation of Momentum applied along 

‘he C ~ ^Ts'e+^rcos ^ = »i«, cos * + a.,*, cos P 

By Neon's Experimental law ■ Of ^ ... (IV) 

cos 0_» a cos * 1 unknown e. 

These four equations determine 

"” d ^MuliipiyloB tIV| by ~ 

U, COS X (m, —CIM.jl + »».*._ cos 3 (1 4-c) ... (V) 

v t cos 0=- ^rn \-f in 


Similarly . „ n + cos P ...(VI) 

v 2 cos <f>= - m x - b m 2 

To obtain square (I) and (V)^ an ^ ad ^ (1I) and (VI) give 

Dividing (I) by (V) we get tan 0. S.mtlar y 

" and c t , The impulse of the blow » « C of 

momentum measured along the common normal 

«,,(«. cos a-c, cos B) 

te '’ m , in * (1 4- e) (u, cos a - m^cosJ* ) on rc< j U ciion. 

~ mi + w, a 

This is equal and opposite to the impulse on 


<*OS 


...(VI) 


t .6.J 


on m 2 
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Cor. 2. If u 2 = 0, then v 2 sin ^=0 or </>=0 and i> 2 ^0. In this - 
case the second sphere moves off along the line of centres. 

Cor. 3. If m 1 —m 2 and e=l, 

v x COS b = W 2 COS P 

and v 2 cos <f> = u 1 cos a 

i.e. the spheres interchange their velocities in the direction of the line 
of centres. 


9 51 Loss of Kinetic energy in oblique impact. 

The velocities perpendicular to the line of centres are unaltered. 
The loss of Kinetic energy is, therefore, the same as in the case of 
direct impact if we substitute u x cos a and v 2 cos p for u x and u 2 
respectively. 

The loss is, therefore, 

1 7/ 1 X D) 2 /„ cos a — CQS Oj2n —e)“. 

2 m x -\-m 2 1 ^ v ’ 


Ex. 5. If two equal and perfectly elastic spheres impinge at 
riaht auales then directions after impact will still be at right angles. 

(Panjab B.A.fB.Sc., 1959 S) 


If m x 

= 77?o and e=l. Then equations (5) and (6) of §9*5 give 


v x cos 0 = w 2 cos p 

and 

v 2 cos <f>=u x cos a 

Also 

v x sin 0=?^! sin a 

and 

r 2 sin (f>=u 2 sin p 

# 

• • 

u x sin a 
tan 0 = — 1 -- 

u 2 COS P 

and 

, sin p u x 

tan 6 = -“ —- 

cos a u 2 


tan 0 tan 0 = tan a tan p. 

But tan x.tan (3= — I, 
tan 0 tan «£= — 1. 

Hence it follows that if the two equal and perfectly elastic 
spheres impinge at right angles their directions after impact will still 
be at right angles. 


Ex. 6. A ball overtakes another ball of m times its mass which 
is moving with of its velocity in the same direction. If the impact 

/ h 

reduces the fir&t ball to rest, prove that the coefficient of restitution is 

m -4- n . n 

- and m >- 

m n — m n — z 


Let u be the velocity and hi the mass of the first ball 

u 


Then 


+ — = M x0 + mMti 


and 




n — 1 

v= - eu 

n 
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u ^ 1 4“ 


( n — 1 n 
- eu 

n ' 


or 


m A-n 
inn — m 


As 


e<l, m + n<mn — m or m 


. 7. 


n 


n — 2 


a are 

in con 

moving 

in the 

i of the 

so m e 

the impinging 


- <> 'nrnvc iron ^ ^ 

coefficient of elasticity being e, pio 

reduced to rest if 

__ c-{a-+ c) 

2e " fl*(2n+r) 

T . » etc the centres of the three balls. 

impinges on the others fB an d ^-4 

t* along the common tangen and c | 

G and is reduced to rest. velocity v / ! 

move away with t e sa bccaU se f j 

line of motion of A. f /-> 

2mv cos 0 = Wit* V /:• / 

, _4nc 3 and m = 3 - rt V / 

where w i " 3 -- 7 —~i v / 

cos 0 = TTTc ►- 


M<7™0 

The ball A 


\ £/ 



- r | ; 

\l7 


f 

v 


/ 

V' 


y 


__ \/ 2<MJ -+- c l . 

***** N ^5T-“ '~ 0 

•. 2a s v cos 0 = c 3 w 

2«t>e« cos 2 0 = c s u +<;) . c»(«+e>° . 

2e= at(v^+tV a3(A ' +C) 

Exercise IX (C) ^ 

an trie of 30° to the line dheient of restitution being 2 . 

find the resulting motion, the ; with velocity 4 ft. per sec. 
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the line joining their centres at the moment of impact, find their velo¬ 
cities after impact when e = \. {Delhi, 1952) 

3. Two smooth balls one of mass double that of the other move 
with equal velocities in opposite parallel directions and impinge, 
their directions of motion at the instant of impact making angles of 
30° with the line of centres. If the coefficient of restitution be i ; 
find the velocities and directions of motion after the impact. 

4. Show that if a smooth sphere of mass m impinges obliquely 
on another smooth sphere of mass m' at rest and if the directions of 
the spheres after impact are at right angles then m=em'. 

( P.U . 1965, 68) 


5. Two equal billiard balls are in contact on a table, a third 
equal ball strikes them symmetrically and remains at rest after the 
impact. Show that the coefficient of restitution is 

6 . ^ A smooth sphere A impinges on an equal smooth sphere B 
which is at rest. If the direction of motion of A before and after 
impact makes angles 0 and with the line of centre of the spheres, 
prove that 


tan cf> = 


2 tan 0 

1 —e 


and the direction of motion of A is deviated through an angle 

(1 -be) tan 0 
aXl (l-eH-2 tan 2 0 

where e is the coefficient of restitution. (P.U.) 

7. Two equal spheres of radius r, move with the same speed in 
opposite directions along parallel lines, which are at a distance d 
apart. 1 rove that the direction of motion of each deviates, on impact, 
through a right angle, if ^ 


d*( l+*)=4c/-2. 


T ) vo . c . f l na l halls (elasticity e) impinge, having before impact 
resolved velocities u lt r, in the direction of the common normal and 

v/ 2 , r 2 perpendicular to it. If their motions after impact are at right 

angles, prove that 6 


("i-fi t’i) 2 -l-4M 2 w 2 =e 2 (« 1 —r,) 2 . 

9. A smooth sphere approaches an equal stationary sphere, its 
centre moving along a tangent to the stationary sphere. On impact 
me path of moving sphere is caused to deviate through 30°. Find the 
coil he lent of restitution and show that they move with equal velocities 


. „ 10 , ^ )a impinges on another equal ball moving with the 
.ame velocity in a direction perpendicular to its own, the line joining 
the centres ol ,he balls at the instant of impact being perpendicula? 
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-*=? sm* a t, r 

turned through an angle 

1 ^ ~^ e 
tan " 1 ~2 — 

Restitution. When a wet tennis ball 
9 6 Compression and R circular patch, not merely a 

strikes against a plane, it leaves tner 

geometrical point. . - impact the ball must have 

This shows that at the , 1 ™ L^ nt Q f contact and then recovered 
undergone a deformation near p two impinging elastic 

second they recove- their 

(i) The period of co ™P r ^‘he S r hcrcsdiminishes until the 
the distance between «he ctntr s f .i £ greatest compression, 

distance is a minimum at the dliring wb ich the 

the 

At the instant of greatest of 

centres of the spheres is mimmum and tlr spheres along the.r 

change is then zero, .... tire re >•««- ''he.imc of the'greatest compres- 

ZT\Z 'component's"of*the^velocities of the spheres along .he .me 

rentres must he the same. # 

9 61 To show that the impulse of restitution is e times the .mpnje 

of compression spheres at the instant 

Let U be the common veloc, cs Q }- the forces ol com- 

when compression ,s over and I , I 1 u J ing ,he period of compre 

pression and restitution f cs P first sphere is 
1 i. . oss of momentum in the first spl , 

i i 


Hence „ reslUution the loss in momentum 

Similarly during the P= rlo ^ nd hc ga in of the second is 
of the first sphere » ^(U ^ 


= u 


//I.J 
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Hence 


I' = w 1 (U— v 1 ) = m 2 (v 2 — U) 


I' r 

~ + — =v 2 —v. 


in, m 


2 

— _ v * — v i - c 
I u x — w 2 

Cor. Total impulse 

(I H- I') = I(1 +0 


...(II) 


»1 . w 

= +*)(«!-«*) 


...(Ill) 


9 62 Kinetic Energy lost by direct impacts during the two 
periods. 

U, the common velocity of the spheres at the time of the 
greatest compression is given by 


TT mv-\-m'v' 

m + in' ~ m+m' 


...(I) 


% 

E l = loss of K..E. during the period of compression 
= hm'u"~ — -t-wi/)U a 


= A | ~jmu 2 + m'u ' 2 — 


, mm , . „ 

= \ ---, («— u 

in -f- in v ' 


(mtt + m'tt')* 


in 4 in 




...(II) 


loss of K.E. during the period of restitution 
= !(//* -j-w')U 2 — \mv- — \ m'v' 2 


•— — mv 2 


t $ o 

4 m v - — 


(mtf-f-m'i)') 2 


m 4- m 


rn 


1 

•» 


//? M 


m -r* m 


V (v-v') 2 


___ _, jnni 


• • 


*Hu-uT-=-e 2 El . 

E 2 = —e 2 E,. 


...(Ill) 

...(IV) 


I lie negative sign shows that a part of the energy lost in the 
rcssion period is regained in the Restitution period. 


coinprc 

total loss ia energy 


= £, + £.= £,-£=£! = (! -e=)E, 

, 7n m ' 

m -+ZP 
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Miscellaneous Exercise VIII 

1. Describe the action that takes place when one elastic body 

impinges on another. Show that the ra io of the impulses of the 
forces of restitution and compression is equal to the coefficient of 
restitution. (P.U.)(Art. 9 61) 

2. When two smooth elastic spheres collide, explain why the 
components of the velocity of each, perpendicular to the line of 
centres, is unaltered by the impact. 

What will be the direction of motion, after impact, of the 
sphere A in the following cases ? In all cases spheres are smooth 
and elastic and sphere A, before impact is at rest. 

(*) Moving sphere B impinges directly on A. 

(**) >» ,, B ,, obliquely on A. 

(***) Two equal spheres B, B' ; moving directly towards A from 
opposite directions with equal velocities, strike A simultaneously. 

(**>) Two equal spheres B, B\ moving directly towards A from 
mutually perpendicular directions with equal velocities, strike A 
simultaneously. (P.U. B.Sc., 1900) 

3. If the impulsive force during the period of restitution bears 
a constant ratio e to the impulsive force during the period of com¬ 
pression, show that 

(i) the relative velocity after impact is —e times the relative 
velocity before impact, and 

(H) the momentum of the system is the same after impact as 
before. {P.U.) 

4. Show that the loss of K.F. in direct impact, when the 
spheres are moving towards each other, is greater than that in any 
•other case of impact. 

5. A smooth sphere impinges obliquely on a smooth fixed 

plane. If before impact its velocity components along and normal 
• to the plane arc u and v, what they will be after impact, e being the 
coefficient of restitution ? (P.U. 11.Sc., 1901 S) 

6. A ball hanging vertically by a string is stiuck by another 

■equal ball falling vertically downwards, such that at the time of 
impact its velocity is 10 f.p.s. and the line of centres makes an aiwlc 
of 30° with the vertical. Find the horizontal and vertical components 
of the velocity of the falling ball after impact, taking the coefficient 
of restitution equal to unity. {P.U. B.Sc., 1900) 

7. A particle is projected with a velocity, whose horizontal 
and vertical components are u and v respectively, from a point in a 
horizontal plane, so as to strike a vertical wall at right angles and 
alter rebounding from the wall and once from the horizontal plane, 
returns to the point of projection. Taking the coefficient of restitu- 


216 


tiontobeein both cases, find the velocity components after eachr 
impact. Show that e = \. 

Also find the total time taken. (P.27. B.Sc., 196 iy- 

8. From the - foot A of a smooth vertical wall AC, a particle is 
projected against another smooth parallel vertical wall BD, the plane 
of projection being perpendicular to both the walls, and after three 
impacts at B, C, D comes back to the horizontal plane through 
A. If u, v be the horizontal and vertical components respectively oF 
the velocity of projection, h Xt h 2 , h z the heights of B, C, D respectively 
above the horizontal through A, and e the coefficient of restitution,, 
find 

(i) the horizontal and vertical components of velocity before 
and after impacts at B, C, D ; 

and («) the greatest height attained by the particle. (P.27. 1961 S} 

9. An imperfectly elastic sphere of mass to, moving with 
velocity ?/, impinges on another sphere of mass to' at rest. The 
second sphere afterwards strikes a vertical plane at right angles to 
its path ; show that there will be no further impact of the spheres, if 

in (1 -f-e'-f ee')<e to' ; 

where e, e' arc the respective coefficients of restitution between the 
spheres and the second sphere and the plane. 

( Pan jab , 1961 S, 69 ; Delhi , M.Sc. ; P.27.) 


10. A ball is thrown from a point distant a from a smooth 
vertical wall against I he wall and returns to the point of projection. 
Prove that the velocity u of projection and the elevation a are 
connected by the equation 

u- sin 2<x=ag ( 

where e is the coefficient of restitution between the ball and the wall. 

(P.27., 1955 S ) 

11. In Q,. 10 above, il the point of projection is at a maximum 
distance d from the wall, prove that velocity u is given by, 

"==^( 1 +e L > 


12. A perfectly elastic ball is projected from the foot of a 
plane inclined at an angle 0 to the horizon. If after striking the 
plane at a distance l from the point of projection it rebounds and 
retraces its former path, show that the velocity of projection is 


V 


£f_(l -f 3 sin 2 0) 

2 sin 0 


(P-£7.» B.Sc. y 195S d? Agra} 


13. An elastic ball is projected from a point A at the foot of 
one of the two smooth parallel vertical balls so that after three 
impacts it may return to A. If the last impact be direct, show that 

e (Rajasthan, 1950) 
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14. A smooth elliptical tray is surrounded by a smooth 
vertical rim. Prove that a perfectly elastic ball projected from a 
focus along the tray in any direction will after two impacts return to 
the same focus. 

[Hints : The normal at any point of an ellipse bisects the 
interior angle between the focal distances ] 

15. A particle is projected from a point on an inclined plane 
and at the rth impact strikes the plane perpendicularly and at the 
nth impact is at the point of projection. Prove that 

e n — 2e r + 1 =0. 

16. A smooth ring is fixed horizontally on a smooth table 
and from a point P of the ring a particle is projected along the 
surface of the table. If e be the coefficient of elasticity between the 
ring and the particle and a the angle which the direction of 
projection makes with the radius to P show that the particle will 
return to the point of projection after two reflections at the ring if 

1 1 1 

cot " a= -r+-^+7*' 

17. A particle of elasticity e dropped through a vertical 
distance of 20 feet, strikes the highest point of a plane which is of 
length 12 feet and is inclined at 30' to the horizon. If the particle 
descends tp the bottom in three jumps, show that 

e( 1 +e)(l +< 2 )(1 + « + e 2 )=0*3. 

18. A square table ABCD whose side is a has raised edges. 
A particle of elasticity e is projected fi’om a point P in AB and hits 
the sides BC, CD, DA in Q, R, S ; prove that the paths PQ, and 
RS are parallel. 

If a be the angle Q,PB and BP be x, prove that, if the particle 
returns to P, x( 1— e)=a(\ —e cot a). (Delhi, 1050 ; Allahabad) 


19. A smooth sphere, of mass m, is tied to a fixed point by an 
in< xtensible string and another sphere, of mass in ; impinges directly 
on it with velocity v in a direction making an acute angle a with 
the string. Show that m begins to move with velocity 

?n'( 1 -4- e) sin x . . \ 

v. (Panjab Hons.) 


m-\-m 


sin 54 a 


20, A smooth sphere after falling from rest through an incx- 
tensiblc string strikes a smooth plane inclined at an angle a to the 
horizon. Show that the distance between the two points at which it 
strikes the plane is he (1 +e) sin a. 

Prove also that the whole range on the inclined plane when the 
particle ceases to rebound is 

4 he sin a 


(1-e) 2 
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ANSWERS 

Exercise IX (A), Page 203 

1 e== £. 6. 8*B ^ lbs. 

7. (i) i and V res P- 

(it) 0 and 4 respectively i.e., they change their velocities. 


8 . 


1 . 

2 . 


(iii) Their common velocity is - 

There will be 3 impacts in order between A and B, then 
B and G and finally again between A and B. Vel. Ratio 
= 7:8: 12. 

Exercise IX (B), Page 208 

v= V 82 f.p.s. ; 0 = tan _1 $ to the normal. 

4 


3. 


7. 

1. 

2 . 


3 \' 57 o * 

v= - - — f.p.s. ; 6 = tan 

Loss in K..E.= 15f ft. lbs. 
Impulse = 21 F.P.S. units. 

_ 4 

y = 4v 43, 0 = tan _1 


to the normal. 


3 v /3 


4. They meet 5 ft. above the ground. Vel. of second ball 
after impact 

n , r , 2V2l—3 

= 24 f.p.s. ; t = -^- sec. 


5. v = 2 V 79 f.p.s. ; 


0 = tan _1 


6. Total space = . 


Vel. after nth rebound =e n .u. 

K U 




=hmu z e 2n . 

9. Next range = er. 

Exercise IX (C), Page 211 

v = 5\/3 ft.p.s. at 80° to the line of centres. 

= ^ ; v 2 = V 15 f.p.s. ; tan 0 = 

<£ = 30° 


2v/3-hl 


j. _ A 


V =u. 


3. 0 = 90°, 

9, e = \. 

Miscellaneous Exercise VIII, Page 214 

1. See art. 9*6, 9*61. 

2. (i) and (ii) along the line of centres. 

(iii) remains at rest 

(tv) 45 with the vertical. 
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5. u and ev respectively. 

6. 5*rf - f.p.s. and f f.p.s. respectively. 

7. The horizontal and vertical components after the first 
impact are eu and zero respectively and after the second 

2v 

impact they are eu and ev. Total time = —— (1 H-e). Also 


e = \. 

8. The components after the impacts at B, C, D are 

respectively _ _ 

eu, y/v*-2gh~\ e*u, y/v*-2gh 2 and e 3 u, Vv z -2gh a ; 
v 2 


2 9 



CHAPTER X 

<ATIVE MOTION 


10 1 Relative Motion. We know that “All rest or motion is 
relative”—that is, with respect to the surrounding objects. Thus 
if an object does not change its position with respect to its surround¬ 
ings, we say it is at rest ; though the very earth itself on which the 
problem of rest or motion is being considered, is moving ceaselessly 
in the universe. 

10 11 Def. Relative Motion. When the distance between 
two points is changing cither in magnitude or in direction or in 
both (magnitude and direction), then either is said to have a motion 
relative to the other or a velocity relative to the other. 

10 12 Def. The velocity of a point A relative to another 
point B, is the velocity which A appears to have when viewed 
from B. 


10 2 To show that the velocity of A relative to B is obtained by 
compounding the absolute velocity of A, with the reversed velocity of B. 

( P.U . B.Sc. 1959 S ) 

Proof. Let the vectors AC and BD represent the velocities 
of A and B respectively, moving in a r 



Hence, the velocity A,-dative to B is obtained by compound¬ 
ing n ub the actual veloc.ty ol A, a velocity equal ancl opposite to 


i he actual velocity of B. 


10 21 Analytical Proof Let XOX\ YOY' be two per¬ 
pendicular axes and A(.r, ?/ ), B(.r\ y) be the positions of the Vwo 

1 ii tides at an instant / I < t (X j* \ r a 

* He,-red to the set of parallel axes through^]}. CO Ordinatcs of A 
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Y t 


(x',y) 


*i 

-X 


Then .r=x' + X •••(^) 

y = y + Y ...(H) 

Transposing and differentiating 
iv.r.t. time t, we get 

...(III) 


dtt 

dx 

dx' 

dt 

= df 

dT 

dY 

dy 

dy' 

dt 

~dt 

~dt 


Q\ ~ -..(IV) 

(III) and (IV) show that when all velocities are d [ric- 

tive to a given point (O here) the velocity compone^ po int B, is 

tion) of the moving point A, relauv e to a 1 component of A, 

obtained by compounding with the actual velocity 1 

the reversed velocity component of B. r 

Thus, the velocity of A. relative to B, is the resultant of 

( i) the actual velocity of A, and ^ £ D 

(it) the reversed velocity of B. * ‘ * th 

Cor. 1. When A and B are moving in the sam> _ • 
velocities v x and r 2 ; the velocity of A relative o i 

Cor 2 The velocity of A is equivalent to the velocity of B, 
compounded with the velocity of A relative to 10*21 - 

The result follows from the equations I and II of Art. 1U 

Differentiating w.r.t. time t, we get, 

dx dx' e/X 

dt 

dy _ 

dt dt dt , 

10 3 Expression for the magnitude anti dtrcclicm of t ie ve oct J 
A revive U> B (when A and B are moving ai and „ a 

Let the velocities v x and v 2 of A and 8 velocity of 

with the fixed line XOX' at any instant f and let V, 

A relative to B, make an angle 0 with XUA . 

Ehcn by Art. 10 21 (III) and (IV), we have : 

V cos 0 = f! cos a. l — v 2 cos a 2 

V sin 0 = Vi sin a x — v., sin a 2 

Whence, on squaring and adding 

yj 2 ==v ^J rV * — 2t\v i cos («i a 2 > 

and on dividing . •_ „ 

v t sin oq — v* sin « 2 _ 

tan 0 v cog ^—v 2 cos a 2 


(A -A- 

= (U + dt 
dy' W 


Q. E.D. 


...(I) 

...(II) 

...(III) 

...(IV) 
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SOLVED EXAMPLES 

Ex. 1. To a man walking at the rate of 4 m.p.h., rain appears 
to fall vertically. If its real velocity is S m.p.li., find its real direction. 

( Panjab, 1948) 

Let OX be the direction of motion of the man and YO the 
apparent direction of motion of the 
rain. 

By Art. 10 21 {Cor. 2), Real velo¬ 
city of the rain is equivalent to the 
real velocity of man compounded 
with the velocity of rain relative to 
the man. 

If the real velocity of rain makes 
/_i) with OX, then 

8 cos 0=4. (resolving along OX) 

0 = 6O 3 . 

Ex. 2. -1 road and a railway line cross at right angles. If at 

a certain instant a car is approaching the crossing at SO f.p.s. and a 
t rain at 40 f.p.s., find the magnitude and direction of the velocity of the 
rain relative to the car at the. said instant. {Panjab, 1951 ) 

Let the required velocity (V) make an angle 0 with the 

direction of motion of car (XOX') 
then resolving along OX and OY. 

{Art. 1021) 

V cos 0 = 0 —( — 30) 

= + 30 

V sin 0=—40 —0 
= —40 

whence V= .^ 302 + 40 2 

= 50 f.p.s. 
tan 0 = — + 





Exercise X (A) 

1 . Explain and obtain the relative velocity of a moving point 
P w.r.t. another moving point 0_. 

1 wo particles arc started simultaneously from points A and B 
which are 5 ft. apart, one from A towards B with a velocity which 
would cause it to reach B in ' seconds, and the other at right angles 
to the direction of the former with J of its velocity. Find their 
relative velocity in magnitude and direction, the shortest distance 
between them and the time when they arc nearest. {P-U) 

2. A train whose mass is 1 12 tons is travelling with a uniform 
speed on a level track and the air resistance etc. is 16 lbs. per ton. 
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confining to the time during which the tim P e , G f the train 
motion, find the acceleration an , J ^ ,j ie train would 

relative to the detatched part. Also fin Panjnb, B Sc., 1961) 

have gained on the part at time t ? an -> * , 

3. Two motor cars are moving uniforml y along two s g 2Q 

roads making an angle of G0°, with each ot nr " ll 1 from 

m.p.h. If the first car be first to.r.l. 

the junction of the roads, find the relative ( Panjab, 1949 S) 

the second. . r a mn h finds 

4. A person, travelling eastward at t ie^ Oa doubling 

that the wind seems to blow direct y* Find the direc- 

his speed, it appears to come from the Aoi (Punjab, 1950) 

tion of the wind and the velocity. j 

5. A river is J mile wide and fiow^at 

A man who can swim at 2 m.p. • Prove that the time of 

directly to a point 110 yards downsticam. {Pan j a b, 1951 S) 

crossing is 8 9 minutes. straight 

6 . Two cars A and B ^mov.ng u^ormly^ A passes the 

perpendicular roads at 40 an i ias still to more 50 miles to reach 

intersection^of^the^roads^\vhc^^ c |h are close together anu 

what is the shortest distance between them . r at 

7. A bomber moves due east at 100 off f ro m a 

a certain time. Six minutes at l ‘ [. oj - x a ml flies north-east, 
station y, which is 40 miles due V ..i 0 citv with which the plane 

If both maintain their courses, fine ( Punjab, 1953 S) 

must fly in order to overtake the <’*« > • ^ ^ , 50v / 2 miles per 

8 If the pursuit plane flies < j to the bomber in 

hour along its course, find i.s nearest approach ,/•.*.<?.) 

miles. . „ • _ w ith velocities 

9. («) Two part ides A and 15 ^° V ax * ls of Find the velocity 

u and v inclined at angles a ant 

of B relative to A. . . r an d earth moves in 

(*). W* XTgh. :ilnalt"cut' fi™ a point O in time t 

with velocity «■ A lt gm i> c 


at 
same 


space with velocity v. A hgh b ‘ - nt O to another mirroi 

Another light signal is sent rm to t j lc point O in the sji 

a point B and returns after i« _ j OB are respectively in the 

timet. If OA=d„ = " n ^° d ^“tn of motion of the earth, 

direction and perpendicular to the tine 

i . 1 V 


show that 


d t — d.. 


V 


v 


i 


(Punjab, 1960) 


•» 

c- 


• , i OX and OY are inclined to each other 

10. Two stra.ght road^ox a„ s xo vUh constant spC cd 

at an acute angle a. one ca» 
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u while a second car moves along OY with constant speed v. If the 
first car is at distance d from O, when the second is at O, show that 
the cars are at their least distance apart after time 

d{u-\-v cos a) 

?* 2 -|-i ,2 -}-2t/t; cos a 


and at that time the ratio of their distance from O is 


v -j- u cos a 
u-\- v cos a 


( Punjab , B.Sc., 1959 S) 


11. A wheel rolls without slipping along a horizontal plane 
in a st. line. If n be the velocity of its centre and AB is any dia¬ 
meter. shew that the velocity of A relative to B is 2it in a direction 
perpendicular to AB. 


12. Two pai tides start simultaneously from the same point and 
move along two straight lines, one with uniform velocity and the 
other from rest with uniform acceleration /. Show that the least re¬ 
lative velocity is u sin c. and that it occurs after a time where 


a is the angle between the two lines. 


/ 


Also find the equation of their relative path. 


(P.U., 196S S ; 1969) 


10 4 Relative Acceleration. 

From equations (III) and (IV) of Art. 10-21 

r/X dx_ dy 
dt ~~ dt dt 

<?Y_ - d JL _ (1 JL 

dt dt dt 


...(III) 

...(IV) 


Differentiating them tr.r.t. time t again, we have 


d 2 X 

d-x 

d 2 .r' 

dt 

1 

Id 

II 

' dt- 

d~ Y 

d-,j 

d-y 

dt- 

~ dt- “ 

dt 


...(V) 

...(VI) 


whi( h show that the component Relative Acceleration of A w.r.t. B, 

m any direction, is obtained by compounding with the component 

of the acceleration of A, the component of the reversed acceleration 
ol B. 


10'5 Motion of a particle on a moving Wedge. 

A particle of mass m slides from rest down the smooth face of 
in< 1 ination a, of a wedge. The wedge is of mass M and is free to 
move on a smooth horizontal table. To discuss the motion. 
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Let AVB be the wedge (mass M) with vertex V, rnovmg with 

_____ an acceleration f x in the horizon¬ 
tal direction. 

Let the particle (mass m) 
slide down VA, with accelera- 

tion / 2 . 

The forces acting on the 
(/) weight M g, vertically 

downwards. ^ occ 

({, ) R ( the pressure of the mass 

on the wedge X to face VA. 

, (in) R' the pressure ot tne 

table on the wedge vertically upwards (_L to ^ aC 1 ^ 

The forces on the mass m are : 

(t) weight mg, vertically downwards. 

(ti) R, the pressure of the wedge on m. 

The acceleration of the mass is the i° relative to the 
tion of the wedge and the acceleration of the pa.ticlc 

wedge. 

Resolving along and perpendicular (PL) the facc VA ’ 
we have the accelerations 



(t) /2-/1 cos a 
(it) f x sin a 


(along PL) 


Hence the respective equations of motion are : 

m(f 2 —fi cos a )—mg sin a 

mfi sin a=mg cos a —R 


For the wedge. 


M/ 4 =R sin « 


...(I) 

...(ID 

...(HD 


Whence on solving, we have 


and 


r rng sin a c os a 
1 M -\-m sin* "a" 

_ M mg cos « 
R_ M+m sin 2 a 


( WA-m)(l sin a 
fi = ■"MT^Tsin" « 


M( M + w) H 

Also S=Mf/ + R cos a = ‘{^pT^sin^® 
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10 6 Motion of a sHot from a gun free to recoil. 


A shot of mass m is fired, 
gun of mass M free to recoil 
horizontally with a velocity 
v, to discuss the motion. 

By Cor. 2 of Art. 1021 , 

the horizontal component of 
actual velocity V of the 
shot = horizontal velocity of 
the shot relative to the gun 
compounded with the velocity 
of the gun 


with a velocity u at an angle a from a 

m * 



or 


= u cos a —v 
V cos 0 = u cos a — v 



Also'the vertical component of the velocity of the shot 

= u sin a — 0=« sin a 
V sin 0 = ?/ sin a 



If 0 be the inclination of the actual velocity of the shot to the 
horizontal, then 


tan 0 = 


n sin a 
ii cos a — v 


...(III) 


Again, because at the instant of firing, there is no external force, 
the Principle of Conservation of Momentum may be applied in the 
horizontal direction, 

whence in{u cos a — v) — Mi>=0 


giving 


mu cos a 


V— — 5 - 


tan 0 = 


M -j- in 
M -f- in 
Mit cos a 


u sin a 


=( 


1 + 


VI 


M ) tan * 


...(IV) 


From (I) and (II), by squaring and adding 

V'-= u 2 +v- — 2uv cos a ...(V) 

(IV) and (V) give us the required velocity of the shot. 


Ex. 3. Tiro straight railways converge to a level crossing at an 
angle a and two trains are moving towards the crossing with velocities u 
and v. If a and h arc the initial distances of the trains from the cross¬ 
ing, show that their least distance ajiart will be 


( bit — av) sin a 
\/w 2 + v 2 — 2 uv cos a’ 


{P.U . 1962 )• 
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Let A and B be the original positions of the trains. 

Then after time /, if they are 

at P and Q,. 

OP=er — ut, O Q=b—vt 

t/ 2 = PQ 2 = O p2 + °Q. 2 

— 20P.OQ.cos a 
= ( a -Ut)* + (b-Vt)* 

— 2(a — ut){b — vt) cos a 

y will be least, when y 1 is least. 

Let z—y z = {<i — ut) z -\-(b vt)- 

— 2(a — ut)(b — vt) cos a 

-•(I) 


For minima of 2 , 

c 

li 

■ate 

(0 

and 

R- 

U 

lii N 

V 

0 

(it) 


=2(a — u/)( — u)+2(b—vt)( —v)-2 cos a(2 uvt-av-bu) ...(H) 

dt 

( a—b cos a cos a).v ...(III) 

Using (t) ; *— u* +v z — 2uv cos a 

Also % =« 2 + « 2 -2»« cos cc 

= (u — v) 2 + 2uv(\ — cos a) —(m — v) 2 -\-4uv>Q 

Hence, 2 is minimum for the above value of/. 

(ii) For this value of/, the value of 2 or PQr is to be found. 




or 


From (II), 

u {a — ut) + v(b — vt)+u cos a (vt — b)-\-v cos a (ut a) 

(a — ut)(u—v cos a.)-\-(b—vl)(v u cos a)=0. 


b — vt = 


-(«-» cos 
t;— m cos a * 



Now 2 : = (a — 


“/)[(“ (/ ' VV * CO (L —tS)[(ft — v/) — m/) cos a] 

-.0 a —) a)] [using(IV)1 

( w —t, cos o0(q — tt0r (»->' cos a) ( « — «/) 

+ v — u cos a L v w cos a . , 

— (a — ut) cos a] 
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JV0 r i . u cos a — v cos2 a u — v cos a 
ut)- 1 -|--J- 

' v — 11 cos a v — u cos « 


u — v cos a 


( - 
\ v— 


u cos a 


—f-cos 


Also a—ut = 


. ,,, ( u 2 4- v- — 2uv cos a) sin.- a 

(a—ut)- - - - -~ 

f (a — b cos a)?/4-(6— a cos a)v 

a— m -^- 7T - 

l_ u z -\-v- — 2.uv cos a 

(u cos a — v){bu — av) 

?t 2 -f-r 2 — 2 uv cos a 


Whence from (V) and (VI) 

(bu — av)~ sin 2 a 

■ ~ w ________ _ • 

u 2 -+- v 2 — 2 u v cos a 

, (bu—av) sin a 

ii- + v — 2 uv cos a. 


■)] 


-.(V) 


...(VI) 


10 7 Relative Angular Velocity. 

To find ike angular velocity of a moving point P relative to another 
moving point Q. 

In chapter VIII, we proved that if Q, is a fixed point, then the 
angular velocity of P, relative to Q, 

_ Veh of P_LQP 

_ QP 

so that the component of the velocity of P along QP does not have 
any effect on the direction of PQ_. 

Now consider the case when C> is also moving. Let u, v be the 
velocities of P and <*> and let them make angles a and (3 with QP, at 
any instant t. 

Then, the angular velocity of P relative to Q (or the angular 
velocity of the line PQ) 

component of vel. of P relative to Q in the direction _LQP 


QP 

u sin a — v sin £ 

“ QP 

It may be noted that components of the velocities of P and Q 
along QP have no effect on the direction of PQ- 
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Cor. 1. When « sin a=f sin P has no velocity relative to- 
Q, i.e. the line PQ moves parallel to itself and the linear velocity of 

P relative to Q is along PQ- 

Cor. 2. If PQis of constant length a ; then the angular velo¬ 
city of P relative to Q 

u sin (a — (3) 

- - -■ • 

a cos 3 

Proof. As PQ is constant ; velocity components of P and Q 
along PQ are equal, i.e. u cos a=v cos {3. 

, _ . . . u sin a — v sin S 

Rcqd. Relative Angular Velocity =--- 

« cos a . . 

it sin a-—.sin S 

cos p 


u sin (a — 3) 
a cos 3 


Miscellaneous Exercise IX 

1 If the particles P and Qare travelling in straight lines with 
uniform velocities u and t; towards a pointjD, show that the least 

distance between them during the motion is p ; where p is the 

perpendicular distance or O from the direction of the velocity of P 
relative to Q, when Q and P arc equidistant from O. (/ .U .) 

2 If two projectiles are moving under gravity alone, show that 
relative to one, the other appears to move uniformly in a straight 

line. 

, To a person travelling due cast, the wind appears to come 
f n „r, h ca st but when he doubles his speed, .t appears to come 

f"m a dir^cdortan-t 3, north of east. Find the dtrect.on of the 

wind. 

4 Two scouts, cycling at 9 and 12 m.p.h. along straight roads, 

. u rScrht angles at O are at some instant both at a distance 

of one C mTle from O. ^ Find the shortest distance between the scouts 

in the subsequent motion. 

5. ABC is a ^wufu^rr^mldoc^ty t^'a'second'pmd! 
%*£ tt n a d ns“ a C n a g t dte Tame instant and moles along CB with a 
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•uniform velocity v ; show that the shortest distance between them will 
be v.ACV + ; after a time 

m.AC 

V u~ v 2 

6. A particle of mass 2 lbs. is placed on a smooth face of an 

inclined plane of mass 7 lbs. and slope 30°, which is free to slide on a 
smooth horizontal plane. Show that if the system starts from rest, the 
particle will slide down a distance of 15 ft. along the plane in 125 
seconds. ( PJJ .) 

7. A body of mass m with two plane smooth faces inclined at 
an acute angle a is placed with one face in contact with a smooth 
horizontal table, and a particle of mass 2m slides down the other face 
under gravity. Show that the horizontal acceleration of the body and 
the pressure on the table are respectively 

<7 sin 2a . 3mff 

2—cos 2a * 2 —cos 2a 


8. Two particles A and B are moving along two concentric 
circles of radii a and b in a plane, with velocities u and v. Show that 
when Z_POQ=a, the velocity of A relative to B, is 

V u~ 4- v- — 2uv cos a ; 

and that when the relative angular velocity is zero. 


a = cos —1 


au + bv 
■ • 

av-\-bu 


J. n Q.- 8 above, if the velocities of the particles vary inversely 

as tne radii of the circles ; show that the relative velocity is parallel to 
the line AB, when 


a = cos 


—i 


2 ab 

u 2 + b- 


10. In Q.. ft above, if the velocities of A and B vary inversely as 
the square root of the radii ; show that their relative angular velocity 
vanishes when 7 


a = cos 


— 1 


' ab 


<t+b- y/ ah 


ANSWERS 

Exercise X (A), Page 221 

1. Rel. Vel. = ? [i f.p.s. ; tan 0 = J. Least distance = 3 ft. 
Time — 1 § •? sec. 

Rel. Vel.=-AV. 

Relative distance = 

1 / J 


2. 
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3. 20V 3 m p.h. 

4. a;=V2 m.p.h. from North-West. 

6 . Cars are nearest after 30 minutes. Least distance = 20 y/5 miles. 

7 400\/2^ m p y, g Shortest distance =\/ 10 miles. 

3 

Miscellaneous Exercise IX, Page 228 

1. From a direction at angle of tan " 1 \ of West of North. 

A. i mile before they reach O. 




APPENDIX 

1. Law of Parallelogram of Velocities : If a moving point 
possesses two velocities represented in 
magnitude and direction by the two 
sides of a parallelogram drawn from a 
point, their resultant is represented in 
magnitude and direction by the diagonal 
of the parallelogram passing through the 
point. 

Let the two velocities, u and v, be 
represented in magnitude and direction by the lines OA and UB 
respectively. Complete the parallelogram OACB. 

We may imagine the point to move along OA with velocity u 
and the line OA moves parallel to itself so that the end O describes 
the line OB with velocity v. 

In unit time the point moves the distance OA while the line 
OA moves to the position BC. Thus the moving point is at C alter 

unit time. . ... 

At any intermediate time t, the displacement of the point will 
be ut along OA and the line OA will move through a distance vt 
parallel to itself. Let these distances be represented by the length 
OD and OE respectively. Let OF be the diagonal of the parallelo¬ 
gram of which OD and OE arc the sides. Join FC. 

Then in triangles ODF and OAC, 

DF OE vl_ v OB _AC_ 

~OD“OD = ut =1T = OA OA 
• O, F and C lie on the same straight line. 

Even at any intermediary instant, the particle moves along 
OC which, therefore, is the direction of the resultant velocity. 

Let V be the resultant velocity so that 


C 



OF =Wt 

OF OA _ut_ 
OC = OD" “ u 


=V. 

Hence OC represents both magnitucle and direct, 0 " of the 
resultant of velocities w and v represented by OA and OB. 

2 To find the Resultant of two given Velocities u and v . 

Let u and v act along OA and OB and 

let ^AOB=«. 

Then by parallelogram of veloci- 
ties, the diagonal OC represents the 
resultant of li tn OACB. 
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Now OC 2 = OA 2 -f-AC 2 — 20A.AC cos ^OAC 

= OA 2 -f AC 2 —20A.AC cos (180° — a) 
=OA 2 -f AC 2 4-20A.AC cos a 
V 2 = w 2 -\-v 2 -\-2uv cos a 
V = y/ it 2 -}- u 2 4-2 m v cos a. 

(in) Let angle AOC be 0. Draw CL perpendicular to OA. 


Then 


CL CL AC sin a _ 

tan 0== OL = OA+AL = OAi-AC cos a 

v sin x 

- - • 

u v cos a 


Cor 1. If the components 



or 

and 


u and t* are at right angles, 
a = 90°, so that 


V 2 = w 2 +u 2 
V= V u 2 + v- 


tan 0 = 



Cor 2. If v = u , 


V= y/ cos a 

= u \/ 2 -f-2 cos a 

a 


tan 0 = 


= 2 it cos — 
u sin a 


u 


u cos a 


.a a 

2 sin— cos — 


2 cos 2 


a 

•> 


— tan 


a 




Thus the line of action of the resultant of two velocities, equal 
in magnitude, bisects the angle between them. 


3. Resolution of Velocities : Since an infinite number of 
parallelograms can be constructed with a given line as a diagonal, it 
follows that a given velocity can be resolved into two components in 
an infinite number of ways. 
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4. Components of a velocity V in the given directions 
making angles a, p with V : Let 

the velocity V be represented by 
OC. Draw OA and OB making angles 
a, p with OC. From C draw AC 
and BC parallels to OB and OA res¬ 
pectively. Then OA and OB represent 
the components of the velocity V. 

- In triangle OAC, 

OA AC OB 



• • 


and 


sin p 
OA = 

OB = 


sin a sin a 
V sin p 


OC 

sin (a-fp) 


sin (a-f-p) 
V sin a 


B 


C 


sin (* + P) 

5 Resolved Parts of a Velocity : The most important case 
arises when the velocity V is to be resolved into two velocities in two 
directions at right angles. 

Let a = 0. 

Then p=90° —0. 

Then the components make angles 0 and 
90 0 with OC. In this case these components 

arc called the Resolved parts of the velocity 
V. If these resolved parts arc represented by u 
and v respectively, 

w = V cos 0 

an£ l v = V sin 0 = V cos (90° —0). 

Thus the resolved parte of a given velocity in a certain direction is 

the product of the given velocity and the. cosine of the angle between the 

direction of the velocity and the given direction. 

Note. It should be clear that whereas the components of a 
velocity require two directions into which it is to be decomposed, 
only one direction is needed to find the resolved parts of the velocity, 
the other being at right angles to the first. 



6. Law of Triangle of Velocities : If a moving point 
possesses simultaneously two velocities represented in magnitude and 
direction by the two sides of a triangle taken in order, their resultant 
is represented by the third side taken in the opposite order. 

Let the given velocities be repre¬ 
sented by the sides OA, AB of the 
triangle OAB. Complete the parallelo¬ 
gram OABC. Then OC being equal and 
parallel to AB represents the same 
velocity AB. Hence by the parallelo¬ 
gram law of velocities, the resultant is 
represented by OB. 
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Vectorially, we may write OA -f- AB = OB. 

7. Law of Polygon of Velocities : If a point possesses simul¬ 
taneously velocities represented by the 

sides OA x , A X A 2 , A 2 A 3 ,.. A n _ x A n of 

a polygon OA 1 A 2 A 3 .A n _ x A n taken 

in order, the resultant velocity is repre¬ 
sented by OA n . 

By the triangle of velocities, in 
Vector Notation : 



8 . 

direction 

direction. 


The sum of the 
is equal to the 


OA x -f- A 1 A 2 =OA 2 

- > - > - > 

OA. —}— A.Aj=OAj 

and so on, till we get the final resultant. 

resolved parts of the velocities in a given 
resolved part of the resultant in the same 


Let the velocities u and v 
be represented by AB and AC. 
Complete the parallelogram 
ABDC. Then the resultant V 
is represented by the diagonal 
AD. 

Through A draw a line AX 
parallel to the given direction. 
Draw BL, CM and DN perpendi¬ 
culars to AX, and BK perpendi- 
cular to DN. 


D 



Now AL, AM and AN are, respectively, the resolved parts of 
u , v and V along OX. 

AN = AL-j-LN 
=AL+BK 
—AL-j-AM 

resolved part of V along AX=resolved part of u along 
AX -\-resolved part of v along AX. 


9. R sultant of a 



number of velocities of a particle : 

Let the velocities be i/ x , u.,, . 

making angles x , 3. y.with OX where 

OX and OY are two axes at angles. 
Let the resultant V make an angle 6 
with OX. 

Then resolving along OX and OY, 
we get (by Art. 8) 

V cos 0 = 14, cos a-fu. COS (3-b (1) 

V sin 0 =m, sin a-f«. sin 34---- = v... (2) 


O 
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V 


and 


V= V u 2 +v 2 

tan 0= — • 
u 


10. Law of Parallelogram of Accelerations : If a moving 
point possesses simultaneously two accelerations represented in magni¬ 
tude and direction by the two sides of a parallelogram drawn from 
a point, then the resultant acceleration is represented in magnitude 
and direction by the diagonal of the parallelogram passing through 
the point. 

Let at time t, the position of 
the point be O moving with two 
simultaneous velocities u and v 
represented in magnitude and 
direction by OA and OB res¬ 
pectively. Complete the parallelo¬ 
gram OACB. Let the changes in 
these velocities during the short 
interval St be Su and Sv. Let 

these be represented by AA' and 
BB' respectively. Then OA' and OB' represent the velocities at 
times t-\-St. Complete the parallelogram OA'C'B'. Produce 
BC and AC so as to meet A C' and B'C' at D and E respectively. 



Then CD = AA'=S?i and CE = BB'=Sv. 

Now V, the resultant velocity at time t, is represented by 
OC and V+SV, the resultant velocity at time t + St, is represented 

by OC'. 

by the parallelogram law of velocities, ,8V, the change in 
resultant velocity in time St, is represented by CC\ 

if the changes Su, Sv in the two velocities of a point be 
represented by the sides CD, CE respectively of a parallelogram 
CDC'E, then the change SV in the resultant velocity is represented 

by the diagonal CC', 


Now 


and ^ 

St St St 

are respectively proportional to Su, Sv and SV. 


Sm Sv 


if 'in, m arc represented by the two sides of a parallelo- 
St St 

gram drawn through a point, ~ can be represented by the diagonal 

of the parallelogram passing through that point. This is true how¬ 
ever small St may be. 

du , dv 

in the limit when 8t-+0, if the accelerations ^ and - 
are represented in magnitude and direction by die ^rek*ration 

parallelogram passing through a point, then the resu 
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is represented by the diagonal of the parallelogram passing 


dV_ 
dt 

through that point. • 

It should be noted that the accelerations are resolved and 
compounded in exactly the same way as velocities. 

11. Relative Velocity : When the distance between two 
points is altering either in magnitude or direction or in both, each 
point is said to have a velocity relative to the other. 

The relative velocity of A with respect to B is obtained by 
compounding the velocity of A with the reversed velocity of B. 
Illustrations : 


A 

C 


(i) If AB and CD represent the velocities of points P and Q,. 

n AB being parallel to CD. 


■B 


(«) 


AB = ?/, 


CD=t\ 


—£) the velocity of P relative to Q, is u — v 
and that of Q relative to P is v — u. 


(*») If AB and AC represent the velocities 
of P and Q, [fig. (6)], the velocity of P relative 
to Q is ->-►-> 

AB — AC = CB 



the velocity of Q. relative to P=BC. Hence 
we may obtain the velocity of P relative to Q 
by combining with the velocity of P a velocity 
equal and opposite to that of Q. and the point 
Q. may then be regarded as at rest. 

i * K in * has y elocities 4 > 3 \ /2 ’ 2 > and 1 inclined at 

angles of 30 ,45 ,60 and 120° respectively to a given direction. 
Find the magnitude and direction of their resultant. 

OX be the given direction and OY perpendicular to it. 

The components along OX are 

V cos 0 = 4 cos 30°-f3v/2 cos 45° + 2 cos 60°-j-l cos 120° 

7 +2v / 3. 


= 2 w 3 _i i_L 

V a /2 1 2 ~~2 


V sin 0=4 sin ?') J + 3- v /2 sin 45° + 2 sin 60°+1 sin 120 


= 2 


o 


V/3+ ^^5-f 3 ^ 3 


(|-+2v3) a +(5H 
V = 10-3 


4 3 ) 2 


tan 0= i£±^3 
7+4 V 3 
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Ejc. 5. If the distance between two moving points at any line 
be a, if V b e i;he ir relative velocity and if u and v be the components 
°f V r^^jcjively in ancf perpendicular to the direction of a, show 


that their distance when they are nearest to one another is and 
that the time that elapses before they arrive at tlivir nearest distance 



au 

V* 


Let A and B be the positions 
of the moving points at any time 
when AB is a. 

Let AG be the path of A 
relative to B, i.e., the path which 
A would appear to describe as 
observed from B when B is reduced 
to rest. The path AC is described by A with uniform velocity V. 

The two points are nearest each other when A arrives at C the 
foot of the perpendicular from B. The distance between them then 

is BC = c sin 0. 

But V cos 0 = u and V sin 0 = i/. 


A cl B 



Hence 



The time for 


describing AC = 


a cos 0 


au 

V* 


AC 

V 


Exercise 

1. A boat is rowed with a velocity of 6 miles per hour straight 
across a river which flows at the rate of 2 miles per hour. If the 
breadth is 300 feet, find how far down the river the boat will reach 
the opposite bank below the point at which it was originally 
directed. 

2. A boat is rowed with a velocity of 4 m.p.h. straight across 
a river which is flowing at 3 m.p.h. Find the magnitude and direction 
of the resultant velocity of the boat. If the breadth of the river is 
400 feet, find how far down the river the boat will reach the opposite 
bank. 

3. Three velocities 4, G and 8 ft. per second act in directions 
making 30°, 135°, 210° with the horizontal. Find the resultant in 
magnitude and direction. 

4. A point which has velocities represented by 8, 9 and 13 is 
at rest. Find the angle between the directions of the two smaller 
velocities. 
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5. If a point has two velocities u x and ^V^^h^doubled, 

angle that the resultant velocity W=u xt sh ow i 

the new resultant is at right angl es ^ to 

6. A ship is steaming $htf£"east at 15 m.p.h. and another ship 
is steaming due south at 20 m.p.h. Find the velocity of the second 
ship relative to the 


7. Two trains are travelling on lines which cross at right 
angles, one at 40, and the other at 50 m.p.h. Find the velocity of 
the second train relative to the first. 


8. A train is travelling along a horizontal rail at 45 m.p.h. and 
rain is falling vertically with a velocity of 22 ft./sec. Find the 
apparent direction and velocity of the rain to a person travelling in 
the train. 


ANSWERS 

Exercise 

1. 100 ft. 

2. 5 m./h. at tan -1 £ with the direction of flow of the river, 300 ft. 

4. 80° 25'. 

6. 25 m./h. and makes an angle tan -1 J West of South. 

7. 64 03 m./h. at 38° 40' with direction of second. 

8. tan -1 3 with direction of actual velocity of rain, 22^10 ft./sec. 


I 



